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Abstract 

It is expected that the state of an atom or molecule, initially put into an excited 
state with an energy below the ionization threshold, relaxes to a groundstate by 
spontaneous emission of photons which propagate to spatial infinity. In this paper, 
this picture is established for a large class of models of non-relativistic atoms and 
molecules coupled to the quantized radiation field, but with the simplifying feature 
that an (arbitrarily tiny, but positive) infrared cutoff is imposed on the interaction 
Hamiltonian. 

This result relies on a proof of asymptotic completeness for Rayleigh scattering 
of light on an atom. We establish asymptotic completeness of Rayleigh scattering 
for a class of model Hamiltonians with the features that the atomic Hamiltonian 
has point spectrum coexisting with absolutely continuous spectrum, and that ei- 
ther an infrared cutoff is imposed on the interaction Hamiltonian or photons are 
treated as massive particles. 

We show that, for models of massless photons, the spectrum of the Hamilto- 
nian strictly below the ionization threshold is purely continuous, except for the 
groundstate energy. 

1 Introduction 

Ever since the inception of the quantum theory of atoms interacting with the quantized 
radiation field, theoreticians have expected that when an atom (with an infinitely heavy 
nucleus) in a state where all electrons are bound to the nucleus is targeted by a finite 
number of photons in such a way that the total energy of the composed system remains 
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below the ionization threshold of the atom the following physical processes unfold: First, 
some of the electrons in the shells of the atom are lifted into an excited state by absorbing 
incoming photons; but, since the total energy is below the ionization threshold, they 
remain bound to the nucleus. As time goes on, the excited state relaxes to a groundstate 
of the atom by spontaneous emission of photons, which propagate essentially freely to 
spatial infinity. Thus, asymptotically, the state of the total system, atom plus quantized 
radiation field, describes an atom in its ground state and a cloud of photons escaping to 
infinity with the velocity of light. 

Relaxation of an excited initial state to a groundstate by emission of outgoing radi- 
ation is the simplest example of an "irreversible process", accompanied by information 
loss at infinity, occuring in an open quantum system with infinitely many degrees of free- 
dom. It would seem worthwhile to attempt to understand this process mathematically 



precisely; (see Sect. |10|) . 



The picture described above suggests that the scattering operator describing Rayleigh 
scattering of light off an atom with a static nucleus, i.e., the scattering operator restricted 
to the subspace of states with energies below the ionization threshold of the atom, is 
unitary; (see Sect. |9] and [III]). If true - one says that "asymptotic completeness" (AC) is 
valid for Rayleigh scattering. 

In attempting to establish this picture mathematically, one faces the problem that, 
in the scattering of light at an atom, an arbitrarily large number of soft photons of 
arbitrarily small total energy can, in priciple, be produced (in processes of high order in 
the feinstructure constant). Perturbative calculations of scattering amplitudes suggest, 
however, that in the analysis of Rayleigh scattering of light at an atom with a static 
nucleus, one does not encouter a genuine infrared catastrophe of the kind first described 
by Bloch and Nordsieck. Yet, the mathematical problems connected with controlling 
very large numbers of very soft photons in a mathematically rigorous, non-perturbative 
way are quite substantial and have not been fully mastered, yet. 

In order to simplify matters to a manageable size, we propose to study Rayleigh 
scattering and the phenomenon of relaxation to a ground state for models of massive 
photons and for models of massless photons with an infrared cutoff. In this paper, 
results in this direction are proven. 

In order to avoid inessential technical complications, we consider models of " scalar 
photons", bosons. But our analysis can be extended to the quantum electrodynamics 
of non-relativistic electrons (bound to a static nucleus) interacting with the quantized 
electromagnetic field, provided we work within the dipole approximation and impose an 
(arbitrarily tiny) infrared cutoff on the electron-field interaction. 

We plan to study more difficult scattering problems in similar models and their 
consequences for "irreversible phenomena" in future papers. 

Next, we describe our main results in more detail. To avoid starting with a list of 
assumptions, we formulate our results for a concrete, simple model, which is physically 
relevant and captures the main features of the problems we propose to solve. For precise 
assumptions and other models see Section [| 

Consider N non-relativistic electrons subject to a potential V, which may also in- 
clude two-body interactions. The electrons are linearly coupled to a quantized field of 
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relativistic bosons. The Hamilton operator of this system is 

H = K®l + l®dT(u) + <f>{G) (1) 

and acts on the Hilbert space U = H e i® T y where H e i = A N L 2 (R 3 ;C 2 ) is the anti- 
symmetric tensor product of N copies of L 2 (M 3 ;C 2 ), and T is the bosonic Fock space 
over L 2 (IR 3 ). The operator K describes the time evolution of the electrons without 
radiation and is given by K = —A + V, where A denotes the Laplacian on M. 3N . (In 
our units, h and the electron mass are equal to one.) Electron spin will be neglected 
henceforth. 

We assume that V_, the negative part of V, is infinitesimally form-bounded with 
respect to — A, that K is essentially self-adjoint on Cq°(M? n ), and that 

inf a ess (K) > infer (if), 

i.e., that K has bound states. In particular, inf cr(K) is an isolated eigenvalue of K. 
The operator dr(a>) describes the energy of free bosons. Formally 



dT(u) = [ dku{k)a*{k)a{k) 
Jr 3 



where a(k) and a*(k) are the usual annihilation- and creation operators (operator-valued 
distributions) depending on the wave vector k, and ui(k) = \Jk 2 + m 2 is the energy of a 
relativistic particle with momentum k and mass m > 0. The operator 



0(G) = J dk (G x (k)a(k) + G x (k)a*(k) 

describes the interaction between electrons and bosons. In this introduction, we choose 
G x (k) = J2iLi e~ lk ' Xi n(k) , and n(k) 6 C^°(M 3 ). If m = we cut off the infrared modes 
from the interaction by assuming that n(k) = 0, for \k\ small. Thus, in any case 

inf u(k) > 0. (2) 

fcgSUpp K 

Without this assumption, it is presently not known how to control the number of soft 
bosons produced in the course of the time evolution. 

Let S denote the ionization threshold. This is the smallest energy the system can 
reach when one or several electrons have been moved to infinity. States with energy 
below S are exponentially localized w.r. to the electron coordinates. More precisely 

||e Q|x| £ A (ii)|| < oo 

if A C (— oo, S) and sup A + a 2 < S. Clearly S > inf cx(if ), and, for one-electron atoms 
and if the coupling is weak enough, it is known that S > inf a(H) [|GLL00| , |BFS98|| . Of 



course, one expects S > inf a(H) for all neutral atoms and molecules. Note that S = oo 
if V(x) —>■ oo, for \x\ — > oo, i.e., when <j(K) is discrete. This situation is included in 
our analysis, but one of our main points is to prove results on Rayleigh scattering when 
E < oo. 
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For states ip G Ti with energy below S, that is <p = i?(_ 00i s)(if)v?, one expects that 
(ft = e~ lHt ip is well approximated, in the distant future, by a linear combination of states 
of the form 



a*(h lit )...a*(h n;t )e- iEt <p b (3) 

where ip b is a bound state of H, Hip h = E<p b , hj )t = e~ luJt hj, j = 1,... ,n, are 
one-particle wave functions of freely propagating bosons, and a*{h) = f h(k)a(k) dk, 
a{h) := (a*(h))*. This property is called asymptotic completeness (AC) for Rayleigh 
scattering. It asserts, in particular, that the asymptotic dynamics of escaping photons is 
well approximated by their free dynamics. This requires that the strength of the inter- 
action between ballistically moving bosons and electrons decays at an integrable rate. In 
our model of non-relativistic electrons bound to static nuclei this is true, thanks to the 
spatial localization of the electrons. For massless bosons, it follows more generally from 
the fact that the propagation velocity of electrons is strictly smaller than the velocity of 
the bosons, i.e., the velocity of light, ||FGS0(| . 



To give a mathematically more precise formulation of AC, let us introduce asymptotic 
creation operators a* + {h). Let <p = E\(H)ip, hj G L 2 (M 3 ), j = 1, ... ,n and Mj = 
sup{u(k)\hj{k) ^ 0}. Then 



a* + {h) . . . a\{h n )ip = lim e iHt a*(h u ) . . . a\h n ^ m f (4) 

t — >oo 



exists if 



A + J^M(/i i )<E. (5) 

i=i 

Asymptotic completeness of Rayleigh scattering is the statement that linear combi- 
nations of states of the form ([|), (Q), with ip G H PP (H), are dense in _E(_ ooS )(iJ)7i. 
Assuming (0), we prove AC for all m > 0, with an infrared cutoff imposed when m = 0. 

If m = one can show more: If the Pauli principle for the electrons is neglected then 
H has a unique ground state <^o PFS98| , |CLL00|| but no other stationary states with 



energy below inf a ess (K) — e, e > 0, provided g is sufficiently small and the life times of 
all excited states of H g= o, as computed by Fermi's Golden Rule, are finite. This follows 
from results of Bach et al. [BFSS99|| together with an argument given in the present 



paper, which excludes eigenvalues close to inf cr(if). As a consequence, states of the 
form 

aKh) . . . <(/i n Vo, inf a(H) + ^ Mfa) < inf a ess {K) - e (6) 

are dense in E in { aea JK)-s(H )H, for some e > depending on the coupling constant. 
Moreover, we show that every state ip t G E ini aess (K)-e{.H)7~L eventually relaxes to the 
ground state (p , in the following sense: Let A denote the C* algebra generated by the 
Weyl operators where 4>{h) = a{h) + a*(h), and h G 5(IR 3 ), the Schwartz space 

of test functions. By taking sums of tensor products of operators in A with arbitrary 
bounded operators acting on the iV-electron Hilbert space one obtains a C* algebra A. 
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"Relaxation of ipt to the ground state (fo" is the statement that 

lim (ip t , Aip t ) = (tpo, A<p ) (-0, V), (7) 



t^oo 



for all operator A e A, and for all tp G E ini (Te3s ^ K ^ £ ( y H)TC. This is our second main result. 
It essentially follows from asymptotic completeness and, of course, from the absence of 
eigenvalues in (inf cr(H), inf a ess (K) — e]. 

Asymptotic Completeness for massive bosons was previously established by Derezin- 
ski and Gerard, for confined electrons (i.e., S = oo) and under a somewhat unphysical 
short-range assumption |DG99|| . From this important paper, and from ||DG0Q| , we have 



learned how to translate techniques from iV-body quantum theory to quantum field the- 
ory. Before [PG99|| , Arai had established AC in the standard model of non-relativistic 



QED in the dipole-approximation and with V(x) = x 2 , a model which is explicitly 
soluble ||Ara83|| . Later, Spohn extended this result, using the Dyson series, to include 



potentials which are small perturbations of x 2 ||ISpo97| . 



Our proof of asymptotic completeness adapts methods and techniques from the scat- 
tering theory of iV-particle Schrodinger operators to the present situation. In particular, 
we use a Mourre estimate and propagation estimates, and we rely on localization tech- 
niques in bosonic configuration space. As in the more recent papers on TV-body quantum 
scattering, we derive AC from the fact that the mean square diameter of (dT(y 2 ))^ t of 
a given state if) t , with y the position operator in bosonic configuration space, diverges 
like t 2 if ip is away, in energy, from thresholds and eigenvalues. Correspondingly, a cen- 
tral object in our proof is an asymptotic observable W that measures the square of the 
asymptotic velocities of the escaping photons. That is, 



(W) = lim (dT(y 2 /2t 2 )) t 

t—>oo 



= lim|<drfeV2i)>« (8) 

Thanks to the ballistic escape property mentioned above, W is positive and thus invert- 
ible, on suitable spectral subspaces. We construct a Deift-Simon wave operator W + with 
the property that W + W~ l is a right-inverse of an extended wave operator on a dense 
subspace of H con t(H) n ^(-^^(if )7i, the orthogonal complement of all eigenvectors. 
The proof is completed with an inductive argument explained further below. 

Let us temporarily assume that the interaction <p(G) vanishes, in order to explain 
the ideas underlying the construction of W and W + in their purest form. The main 
observation is that 

^ = ^-y) 2 >0, (9) 

where D denotes the Heisenberg derivative [iu, .] + d/dt. As a consequence the time 
derivative of the expression (|8|), whose limit is (W), is non-negative. Since d/dt(dT(y 2 /2t)) t 
is bounded uniformly in time, it follows that d 2 /dt 2 (dT(y 2 /2t)) t = (dT(D 2 [y 2 /2t])) t is 
integrable. This propagation estimate, with small modifications to accommodate the 
interaction, proves existence of (W) and suffices to establish existence of W as a strong 
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limit. Existence of W+ requires, in addition, some geometry in bosonic configuration 
space. 

Once these asymptotic operators are constructed, AC follows by induction in the 
number of energy intervals of length m, the smallest energy of a boson. Assuming that 
AC holds on the spectral subspace of H corresponding to energies below min(S, m(n — 
1)), we prove AC for energies below min(S, mn). Roughly speaking, the positivity of W 
on suitable spectral subspaces E&(H)7i, where A C min(S, mn), allows us to show that 
at least one boson of a given state if 6 E&(H)TC escapes to infinity. It thus carries away 
an energy of at least m. The energy distribution of the remaining system is contained in 
(— oo,m(n — 1)), where asymptotic completeness holds by assumption, and hence <p t , for 
large t, is of the form @. Obviously the positivity of the boson mass, or condition @, 
in the case of more general dispersion relations, is absolutely crucial in this argument. 

Our strategy and the constructions of W and W + are strongly inspired by ideas and 
constructions developed by Graf and Schenker for A-body quantum scattering theory 



GrS97 |. The Mourre estimate we use is essentially the one of Derezinsky and Gerard 
|PG99|| . We follow closely the notation of |DG99j |; but, otherwise, there are only few 
similarities between our approach to AC and the one in ||DG99|| . 
Our paper is organized as follows. 

In Sect. |2], we consider the quantum theory of the bosons. We briefly review the 
standard formalism of second quantization and introduce some basic notions that are 
useful in scattering theory. 

In Sect. §, we describe the physical systems and define the models studied in this pa- 
per. We formulate some basic assumptions on the Hamiltonians generating the dynam- 
ics in these models which will be important to gain mathematical control over Rayleigh 
scattering. We describe some concrete examples of models. 

In Sect. [|, we review and prove results on spectral properties of the Hamiltonians of 
our models. In particular, we recapitulate a theorem on the existence of a ground state 
and on the location of the essential spectrum. We state a Mourre estimate and use it to 
establish properties of the continuous and point spectrum and to prove a virial theorem. 

In Sect. [|, we construct the M0ller wave operators of our models on spectral sub- 
spaces corresponding to bound electrons, using a variant of Cook's argument; see also 
[|FGSO0|| for more detailed results. 

Sect. |6| contains our basic propagation estimates needed for the construction of an 
asymptotic observable and of a Deift-Simon wave operator. 

An asymptotic observable, W, is constructed in Sect. [7] and shown to be selfadjoint, 
positive on appropriate spectral subspaces, and to commute with the Hamiltonian H. 

In Sect. H a Deift-Simon wave operator is constructed and shown to invert, with 
respect to W, an extended variant of the M0ller wave operator on spectral subspaces 
where W is positive. 

By combining the results of previous sections, asymptotic completeness for Rayleigh 
scattering is established in Sect. ||with the help of an inductive argument in the number 
of asymptotic bosons. 



In Sect. 10, models of massless bosons with an infrared cutoff are analyzed, and the 



phenomenon of relaxation to a groundstate is exhibited. A novel positive-commutator 
estimate is proven which, together with results in [|BFSS99]| , excludes the existence of 
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point spectrum above the groundstate energy (and below the ionization threshold). 

Our most difficult and innovative results appear in Sects. |6| through [U]. Various tech- 
nical arguments are deferred to appendices, the most important ones being Appendices 
through [GJ 

Acknowledgements. We thank V. Bach, Chr. Gerard, G.-M. Graf and I.M. Sigal for 
many useful discussions of problems related to those studied in this paper. 

2 Fock Space and Second Quantization 

The natural Hilbert space of states of the radiation field is the Fock space. Let f) be 
a complex Hilbert space and let ®™f) denote the n-fold symmetric tensor product of f). 
The bosonic Fock space over f) 

T = jr(fj) = © n > ®« t) 

is the space of sequences <p = ((p n )n>o, with ip G C, (p n G ®"f), and with the scalar 
product given by 

n>0 

where (ip n , ipn) denotes the inner product in ® n f). The vector 0, = (1, 0, . . . ) G T is called 
the vacuum. By JF c T we denote the dense subspace of vectors ip for which ip n = 0, 
for all but finitely many n. The number operator iV on T is defined by (Nip) n = nip n . 

2.1 Creation- and Annihilation Operators 

The creation operator a*(h), h G f), on T is defined by 

a*(h)cp = y/nS(h®<p), for (p G 

and extended by linearity to JF . Here 5 G B(cg> ra [)) denotes the orthogonal projection 
onto the subspace ®"f} C ® n t). The annihilation operator a(/t) is the adjoint of a*(h) 
restricted to Tq. Creation- and annihilation operators satisfy the canonical commutation 
relations (CCR) 

[a(g),a*(h)] = (g,h), [a*(g), a*(h)} = 0. 

In particular [a(h),a*(h)] = \\h\\ 2 , which implies that the graph norms associated with 
the closable operators a(h) and a*(h) are equivalent. It follows that the closures of a(h) 
and a*(h) have the same domain. On this common domain we define 



<p{h) = -^(a(h) + a*(h)). 



(10) 
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The creation- and annihilation operators, and thus (j)(h), are bounded relative to the 
square root of the number operator: 

||a#(/0(iV + l)- 1/2 ||<IN 
||(JV + l)-V 2 a # (/OII<||fc||. 
More generally, for any p G K and any integer n 

\\(N + Ifa*^) . . . a#(h n )(N + l)-*-»/ 2 || < C n , p \\h n \\. (12) 

This follows from a*(h)N = (N - l)a*(h), a(h)N = (N + l)a(h), and from ([11]). 

2.2 The Functor T 

Let f)x an d f)2 be two Hilbert spaces and let b G B(f)i, f) 2 ). We define 

r(6) ; Hhi) - Hfo) 

T(b)\ ®Jfj x = 6® ...®6. 

In general r(6) is unbounded but if < 1 then ||r(6)|| < 1. From the definition of 
a*(h) it easily follows that 

T{b)a*{h) = a*{bh)T{b), h G fji. (13) 

T(b)a(b*h) = a{h)T{b), h G f) 2 . (14) 

where (|14D is derived by taking the adjoint of (|13|). If b*b = 1 on f)i then these equations 
imply that 

T(b)a(h) = a{bh)Y{b) h G f)i (15) 
T(b)<f>(h) = (j)(bh)T(b) h G f)i. (16) 

2.3 The Operator dr(6) 
Let b be an operator on 1). Then 

dT(6) : -F(f)) - ^(fj) 

dr(6)f <g>?f> = ...6®... i). 

i=l 

For example N = dr(l). From the definition of a*{h) we get 

[<ST(b),a*(h)] = a*{bh) 
[dT(b),a(h)} =-a{b*h), 

where the second equation follows from the first one by taking the adjoint. If b = b* 
then 

i[dT(b),<f>{h)] = <f>{ibh). (17) 
Note that ||dr(6)(iV + l)" 1 )) < ||6||. 
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2.4 The Operator dT(a, b) 
Suppose a,b G B(f) 1; f) 2 ). Then 

dr(a,6) : .F(f)i) 

n 

dr(a,6)f ®" f) = y^( o ®...a ^8 a8 . ..a ). 

j = l jr-l n-j-1 

For a, 6 e B(f)) this definition is motivated by 

r(a)dr(6) = dr(a, ab), and [T(a), dT(b)} = dT(a, [a, b}). (18) 
If ||a|| < 1 then ||dr(a, b)(N + l)" 1 )] < 

2.5 The Tensor Product of two Fock Spaces 

Let [)i and f) 2 be two Hilbert spaces. We define a linear operator U : © f) 2 ) — * 

Hhi)®Hh2) by 

c/q = n ® n 

(19) 

C/a*(/i) = [a*(h {0) ] ® 1 + l®a*(h {oo) )]U for /i = (/i (0) , h (oo) ) e fji f) 2 . 

This defines C/ on finite linear combinations of vectors of the form a* (hi) . . . a*(h n )Vt. 
From the CCRs it follows that U is isometric. Its closure is isometric and onto, hence 
unitary. It follows that 

Ua(h) = [a(h {0) ) ® 1 + 1 ® a(h (oo) )]U. (20) 
Furthermore we note that 

UdT(b) = [dr(6o) ®l + l® dr(6 0O )]?7 if 6 = ^ 6 ° 6 ° ^ (21) 

For example C/JV = (N + N^U where N Q = N ® 1 and jV^ = 1 (g) N. 

Let jF n = ®"f) and let P n be the projection from T = ® n >oFn onto T n . Then the 
tensor product T ® T is norm-isomorphic to ©„>o ®k=o F n -k <8> ^fc, the corresponding 
isomorphism being given by </? h-> (ifi n ,k)n>o, k=o..n where = (P n _ fe <g) P fe )</?. In this 
representation of T ® T and with Pi(fyo), fyoo)) — ^ becomes 



n / \ 1/2 

C/f ®? (fj © fj) = XI ( J fo^-^Po^foo^-^Poo/ ( 22 ) 

k — ^ n— fc factors k factors 



2.6 Factorizing Fock Space in a Tensor Product 

Suppose jo and joo are linear operators on [) and j : f) — > f) © f) is defined by jh = 
(johjoch), het). Then j*(/i l5 /i 2 ) = j*/^ + j^/i 2 and consequently j*j = j *j + j^j°c- 
On the level of Fock spaces, T(j) : J 7 ^) — > JF(f) © fj), and we define 

f(j) = f/r(j):^^^©^. 
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It follows that f (j)*f(j) = T(j*j) which is the identity if j*j = 1. Henceforth j*j = 1 
is tacitly assumed in this subsection. From ( |l"3"l) through (16|), (19) and (|20|) it follows 
that 

f (j> # (/i) = [a # (j /i) ® 1 + 1 ® a # ( Joo /i)]f (j) (23) 
fO>W = ® 1 + 1 ® 0(joo/i)]f (j). (24) 

Furthermore, ifa> = u;©a;onl)©fy, then by ( pT|) 

f (j)dr(a;) = C/r(j)dr(a;) = *7dr(a;)r(j) - tfdT(;,w j -ju) 
= [dT(u) ® 1 + 1 ® dT{u)]t{j) - df 0>j - jw) 



(25) 



where the notation df (a, 6) = t/dr(a,5) was introduced. In particular f (j)N = (N + 
^oo)r(j). Finally we remark that, by (|22|), 

n / \ 1/2 

rO')r®?b = 53( J fo® •••®Jo ® ^oo® ■■■®ioo - (26) 

u n— A; factors k factors 

2.7 The "Scattering Identification" 

An important role will be played by the scattering identification 1 : T ®T ^* T defined 
by 

I(ft® ft) = ft 

® a*(/ii) • • • a*(/i n )ft = a*(hi) ■ ■ ■ a*(h n )(p, ip G JF , 

and extended by linearity to JF tg> JF . (Note that this definition is symmetric with 
respect to the two factors in the tensor product.) There is a second characterization of 
/ which will often be used. Let i : f) ® f) — > f) be defined by t(h^, h^) = + h^. 
Then 

J = T(l)U* (27) 

with [/ as above. To see this consider states of the form 

ip = a*(hi) ■ ■ ■ a*(h m )Vt ® a*(gi) ■ ■ ■ a*(g n )VL 



Y[ [a* (hi) ® 1] JJ [1 <g> a*{g 3 )} ft ® ft 

i=l 3=1 



(2f 



in ® JF . By equations ( jl9|) and (|13|) 

r(i)C/* [a*(/ii) (8) 1] = r(A)a*(/ii, 0)£T = a*(/i i )r( i )?7* (29) 

and similarly V(l)U* [1 ® a*(gj)} = a*(gj)Y(i)U* . Furthermore T(l)U*Q ® ft = ft = 
/(ft ® ft). This shows that T(t)?7*-?/> = lip for ^ given by ( f28|) which proves equation 

3)- 

Since = a/2, the operator I is unbounded. 
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Lemma 1. For each positive integer k, the operator I (N + 1) fc ®x(iV < k) is bounded. 

Let j : P) -> () © P) be defined by j/i = (johj^h) where j , joo G B(fj). If j + joo = 1, 
then r(j) is a right inverse of /, that is, 

If (j) = 1. (30) 
Indeed if (j) = r(t)t/*C/r(j) = r(tj) = T(l) = 1. 

3 Definition of the System and Basic Assumptions 

3.1 The Electron System 

The dynamics of the electron system (atom) is given by a self-adjoint operator K on 
L 2 (X), where X is a measure space. Typically X = (W n ,d n x) or X = {1, ... ,n} 
equipped with the counting measure, in which case L 2 (X) = C n . We assume that K is 
bounded from below and that 

(HO) infa ess (X) > inf a{K). 

In other words, inf o~(K) is an isolated eigenvalue of K. We use \x\ to denote the norm 
of x G X if X is a euclidean space. Otherwise \x\ := 0. 

3.2 The Radiation Field 

Pure states of the radiation field are described by vectors in the bosonic Fock space .F(f}) 
over f) = L 2 (M. d , dk). Their time evolution is generated by the Hamiltonian dr(u;), where 
uj denotes multiplication with a real-valued function u(k) on M. d . For easy reference, we 
summarize all further properties of uj in the following assumption. 

{m := inf oj{k) > 0, 
u e C°°(R d ), and d a uj is bounded for all a ^ 0, 
X7cj(k) ^ if k ^ 0. 

Remarks, (i) The last condition ensures positivity of the Mourre constant away from 
thresholds, (ii) Typical examples we have in mind are uj(k) = y/k 2 + m 2 and smooth dis- 
persions uj that differ from \k\ only for small \k\, where uj is chosen such that inf^ uj(k) > 



(see Section [TO] ), (iii) Bosons with non-zero spin or helicity, with f) = L 2 (R d ,dk) <g> C s , 
can also be handled. We then interpret k as a pair (k, A) G M d x {1, . . . , s} and define 
integration over k as Xa=i I d d k- 

Throughout this paper, y denotes the position operator in f), i.e., y = iVk- 

3.3 The Composed System 

The dynamics of the composed system of matter (electron system) interacting with the 
radiation field is given by the Hamilton operator 

H = K ® 1 + 1 ® o\T(uj) + 0(G) = H + 0(G), 



12 



where 

(f>(G) = I <t>{G x )dx 



x 



and <p has been defined in fllQf) . It acts on the Hilbert space TC = L 2 (X) ®!F = f x J-'dx 



For each x G X, G f), and we assume that 

sup \\G X \\ < oo. (31) 

x 

It follows that <f>(G)(N + l) -1 / 2 and hence that (j>(G)(Ho + i)~ 1 '' 2 are bounded operators. 
This implies that 4>{G) is infinitesimal w.r.to Hq, which shows that H is self-adjoint on 
D(Hq) and bounded from below. All further assumptions are listed below and will be 
cited upon use. 

(H2) Exponential decay: There exists an ionization threshold £ > inf a(H) with the 
property that 

\\e a ^E A (H)\\ < oo, 
for some a > 0, and for any given closed interval A contained in (— oo, S). 
(H3) Fall-off' of the form factor: For arbitrary a > 0, 

sup e-«l*l ||(1 +2/ 2 )Gy <oo. 

X 

(H4) Dispersion of the form-factor: If h G C^ o (M ci \{0}) then, for arbitrary a > 0, 

^supe-^ 1 \ {G x ,h t )\] dt < oo. 

Here h t = e~ iujt h. 
(H5) Short range condition: There exists a // > 1 such that 

supe- QN ||x(M > R)y n G x \\ < C a R-^ +n for all R > 

for all a > and n G {0, 1, 2}. 



Further hypotheses (IR), (H6), and (H7) are introduced in Section |10.2 . 

Remarks: (i) These hypotheses are satisfied and, with the exception of (H2), easily 
verified for many concrete systems (see the next section and Sect. |10.3j). (ii) Hypothesis 



(H2) says that the particle system is localized near the origin for small energies. This 
is the central physical assumption in this paper. Since (H2) can often be derived from 
(HO) (see |[BFS*98| , |GLL00|| ) it is legitimate to impose (H2). Assumption (H2) makes (HO) 



obsolete in all of this paper with the exception of Section |10[ (iii) In (H5), x{\y\ — R) 
stands for multiplication with the characteristic function of the set {y : \y\ > R}. More 
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generally we use < c) and x{A < c ) to denote the spectral projections E^ 00tC )(A) 
and E^-ooc^A) of a given self-adjoint operator A. (iv) Hypothesis (H3) follows from 
(H5). 

We conclude this section by defining an extended Hilbert space 7i = Tt ® T and an 
extended Hamilton operator 

H = H® l + l®dr(cj), (32) 

which describes a time evolution where the photons in the auxiliary Fock space do not 
interact with the particles. With the help of fl32| ) and the scattering identification / the 



time evolution ([3]) will be described as a unitary time evolution on the extended Hilbert 
space in Section [5[ Moreover the extended Hamilton operator is invaluable in the spectral 
analysis of H (see Section Hp. In analogy to H we define H = H ® 1 + 1 <g> dr(o;). 



3.4 Examples of Concrete Physical Systems 

In this section some concrete systems are discussed for which the hypotheses (HO) 
through (H5) are all satisfied. See also Section |10.3| where we explain how the stan- 
dard model of non-relativistic QED fits into a slightly expanded version of the general 
framework introduced above. 

The example discussed in the introduction, where K is an arbitrary atomic Schrodinger 
operator, that is, 

K = -A + V on L 2 (M 3Af ), 
satisfying hypothesis (HO), u(k) = \Jk 2 + m 2 , and 

N 

G x (k) =gJ2 e~ ik - x ^(k), k G CHM 3 ), 

3=1 

satisfies hypotheses (HI) through (H5), for g sufficiently small. In fact, (H2) is proven in 
PFS98| , with S = mfa css (H)-gsup x J dk \G x (k)\ 2 /u(k), (H3) follows from y 2 = -A k , 
(H4) from \(G X , h t )\ < Ct~ 3 / 2 , see e.g. ||RS79|| , and (H5) even holds in the strong form 

supe-^HxCM > R)y n G x \\ < C n ^ (33) 

X 

for arbitrary n, // 6 N. To see this, let f(y) = (1 + \y\)^fc(y) and put iV = 1 for simplicity 
(this means that we consider the case with only one electron). Then 

e- 2alxl \\ X (\y\ > R)y n G x \\ 2 = [ \y n k(x - y)\ 2 dy 

J\v\>R 

= e" 2 ^l / (l + \ x - y \)- 2 ^f( x -y)\ 2 dy. 
J\y\>R 

This decays exponentially as R — > oo for |x| > R/2, and if \x\ < R/2 it is bounded 
by (1 + R/2y 2n sup x . e~ 2a ' x !||x(|y| > R)y n f{x — -)|| 2 which is of order 0(R~ 2n ), because 
k G C^°(1R 3 ) by assumption and thus / is rapidly decreasing. 
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The spin-boson models, where K is a hermitian n x n matrix on C™ = L 2 (X), with 
X = {1, . . . , n}, also fits into the our general framework. Suppose u is as above and 
G x G S(R 3 ) for all a: G X. Then hypotheses (HO) through (H5) are satisfied with 
the convention that \x\ = 0. Hypotheses (HO) and (H2) are trivial, (H4) is seen as in 
the first example above, and (H3) and (H5) follow from the fact that G x G 5(R 3 ), for 
x — 1, . . . , n. 
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4 The Spectrum of Pauli-Fierz Hamiltonians 

4.1 Essential Spectrum and Existence of a Ground State 

Theorem 2. Assume (HI) and (H2) (Sect. Qj, and let E = inf(if). Then 

mia ess (H) > min{£, E + m}. 
In particular, inf cr(H) is an isolated eigenvalue of H. 

Proof. Given A G a ess (H) with A < £ we need to show that A > E + m. Let A be 
an open interval in M containing A with supp A < E and let (ip n )n>o C E A {H)7i with 
|| (# - AKH -> 0, ||^ n || = 1 and <p n - 0. Then 

A = lim (<f n , Hip n ) 



and we estimate the r.h.s from below. Let jo,R,joo.R £ C°°(R ) be a partition of unity 
defined as in Lemma ^2] with Jq R + R = 1. Pick a > according to (H2) such that 
e a ^E A (H) is bounded. Then sup n lle^'^ll < oo by assumption on (p n and hence by 
Lemma |32| and Lemma |3T1 



(ip n ,Hip n ) = (ip n ,T(j R )*T(j R )H(p n ) 

= {ip n) f{j R yHf{j R )^ n )+o{R°). 

uniformly in n. From H > E and dr(u;) > m — mx{N = 0), it is clear that 

H > (E + m) -m X (N oo = 0). (35) 

Since f(;fl)*x(^oo = 0)f{j R ) = r(# H ) and since E A (if) T(jI r )E a (H) = (£ A (ff)e<*M) x 
(e~ a ^T(jQ R )E A (H)) is compact by Lemma |3~3] in Appendix [E], the equation (|3~3]) com- 
bined with ([35|) implies that 

A = lim (cp n , Hip n ) > E + m + o(R°). 

n— »oo 

Letting R — > oo this proves the theorem. □ 



4.2 The Mourre Estimate 

Next we establish a type of Mourre theorem with conjugate operator A = dT(a) and 

a = [iu, y 2 /2] = -(Vw -y + y- Vw). 

That is we prove positivity of i[if, A] on spectral subspaces of if away from thresholds 
and eigenvalues, and, as in iV-body quantum theory, we obtain important spectral prop- 
erties of if as a byproduct. Here the thresholds are the elements of r := a pp (H) + Nm, 
(0 N). The Mourre inequality will allow us to show that 

(dr(y 2 ))^ > ct 2 , as |t| -> oo, (36) 
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where c > for states separated in energy from thresholds and eigenvalues. This together 
with the above mentioned spectral properties suffices to derive AC. As (|36D can only be 
true if the particles are spatially confined, our Mourre estimate only holds for energies 
below S. 

On a suitable dense subspace, 

i[H,A] = dT(\Vuj\ 2 ) -<j)(iaG). 

We use this equation to definethe operator i[H, A] on U^sE^H)^.. Note that 4>(—iaG)ip 
makes sense for ip e RanE^(H), fi < E, thanks to the exponential decay and the bound- 
edness of e _a ' x '0(— iaG)(N + 1) _1//2 . The following virial theorem is an important in- 
gredient in the proof of Theorem [|. Furthermore, in the case of massless bosons and 
IR-cutoff interaction (see Section [10]) it will allow us to prove absence of eigenvalues 
close to, but different from the ground state energy. 

Lemma 3 (Virial Theorem). Assume hypotheses (HI), (H2), and (H3). If Hip = 
Eif and E < E then 

(<p,i[H,A]tp) = 0. 

The proof of this lemma is deferred to Appendix |E]. 
The following theorem is the main result of this section. 

Theorem 4. Assume (HI), (H2) and (H5). Then 

(i) For each A e (— oo,E)\r there exists an open interval A 3 X, a positive constant 
C\, and a compact operator S such that 

E A (H)[iH,A]E A (H) > C x E A {H) + £. 



(ii) Non-threshold eigenvalues in (— oo, E) have finite multiplicity and can accumulate 
only at threshold. Furthermore r n (— oo, E] is closed and countable. 

(Hi) If A G (— oo, E)\r is not an eigenvalue, then there exists an open interval A 3 A 
and a positive constant C\ such that 



E A (H)[iH,A]E A (H) > C X E A (H). 



The proof of this theorem follows the lines of the proof in |[DG99|| with only minor 
modifications due to the presence of continuous spectrum in the particle Hamiltonian 
K. For the sake of completeness we have included a proof of Theorem (|]) in this paper, 
but it is deferred to Appendix [E]. 
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5 The Wave Operator 

Recall from Section | that H = H + dT(u) on H = H ® T, and let P B {H) in 
( |3"7| ) denote the orthogonal projector onto TC PP (H), the closure of the space spanned by 
all eigenvectors of H. The purpose of this section is to establish existence of the wave 
operator 

VL + = s - lim e iHt Ie- im P B (H) <g> 1 (37) 

t^oo 

on spectral subspaces of H corresponding to compact intervals A C (— oo,£). Fur- 
thermore we will see that Q + is isometric if restricted to vectors in 7i pp (H) ® T . The 



existence of (|3~7 ) will essentially follow from the existence of asymptotic field operators 

J + (h)ip = lim e iHt J(h t )e- iHt <p (38) 



t— +oo 



and the existence of products of such operators, which is established in the next theorem. 

Theorem 5. Assume hypotheses (HI), (H2) and (H4) are satisfied, and let f,h G 
L 2 (R d ). 

i) If tp — E v (H)ip for some rj < £ then the limit 



a* + (h)<p = lim e iHt a\h t )e 



- im <p 

t— >oo 



exists. Here hi — e iuJt h. 



H 

ii) The canonical commutation relations 

[a + (g), a* + (h)} = (g, h) and [a\(h) } a\(g)} = 0, 

hold true, in form-sense, on x{H < i])7i for allrj < E. 

Hi) Let m = mf{u(k) : h(k) ^ 0} and M = sup{u(k) : h(k) ^ 0}. Then 

a\(h) Ranx(# < E) C Ranx(# < E + M) 
a + (h) Ranx(H < E) C Ranx(# <E-m). 

iv) Suppose ip = E n (H)ip, hi G L 2 (R d ; C) for i = 1, . . . ,n and let Mi = sup{u(k) : 
hi{k) ^ 0}. Then 

a\{h{) . ..a* + (h n )if = lim e iHt a*(h l>t ) . . . a* {h n ±)e~ im ^ 

t — >oo 

provided that rj + Y^h=i < S. 
v) Suppose T) < £ and G E v (H)7i pp (H) . Then 

a+(h)<p = for all h G L 2 (R d ). 
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Remark. For relativistic massive bosons, that is for u(k) = \Jk 2 + m 2 with m > 0, 
as well as in the case of relativistic electrons and massless bosons, the asymptotic field 
operators actually exist on a dense subspace of TC irrespective of E (see ||FGS00||). 



Proof, i) Assume first that h G C^°(R d \{0}). By Cook's argument it suffices to show 
that 



i; 



\\{G x ,h t )ip t \\dt < oo. (39) 



This follows from the assumptions (H2) and (H4). 

For the proofs of ii), iii) and iv) we refer to |FGS00| . 

v) It suffices to show that a+(h)(p = if Hip = E<p. Statement v) then follows 
from the boundedness of a + (h)E v (H). Since h t — weakly as t — > oo we have s — 
lim^oo a(ht)(H + i)~ 1/2 = 0. Hence 



a+(h)(p = lim e iHt e- iEt {E + i) l/2 a{h t ){H + i)~ l/2 v = 0. (40) 

t— >oo 

□ 



Next we prove existence of the extended wave operator Q + := s — lim t _^ 00 e lHt Ie~ lHt 
on a suitable spectral subspace of H. Since Q + agrees with Q + for vectors in TC PP (H) ^J 7 , 
this will immediately imply existence of Q + . 

Lemma 6. Assume the hypotheses of the theorem above are satisfied. 

a) Suppose ip = <p <8> a*(hi) . . .a*(h n )Q where ip = E\(H)ip and X + Y^i=i^i < ^» 
where Mi is defined as in Theorem^, iv). Then := \im.t^ 00 e lHt Ie~ %Ht il) exists 
and 

n + iP = a* + (h 1 )...a* + {h n )cp. (41) 

b) f2 + exists on E^(H)li, for all n < E. 
Proof. Statement a) follows from 

e~ im cp ® a*(hx) . . . a*{h n )VL = e~ iHt if ® a*(h 1>t ) . . . a*(h nit )Q (42) 

the definition of I and Theorem |^, iv). 

(b) Since e tHt 1 e~ tHt E 'p(H) is bounded uniformly in t, it suffices to prove existence of 
Q + on a dense subspace of E^{H)7i. By Lemma |30] finite linear combinations of vectors 
of the form described in part a) span such a subspace and hence b) follows from a). □ 



The following theorem is the main result of this section. 
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Theorem 7. Assume (HI), (H2) and (H4). Then 

n + ip = s - lim e im Ie- ikt P B {H) ® 1 (43) 

t— >oo 

exists on U^s-E^if )7i, = 1 and hence fl + has a unique extension, also denoted by 

Q + , to Es(H)7i.. Q + is isometric on (Pb(H) <g> l)Ej](H)li and hence Ranf2 + is closed. 
Furthermore 

e iHt Q + = n + e im . (44) 

Proof. The existence of Q + on U M <s-E '^(11)0. follows from Lemma ^| b). By Lemma ^| 
a), the CCR in Theorem [5] ii), and by part v) of that theorem, Q + is isometric on 
(Pb(H) ® 1) U M <£ E^iPiyH. So Q + is a partial isometry and hence = 1. All these 

properties carry over to the closure of Q + . □ 
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6 Propagation Estimates 

This section establishes the propagation estimates needed later on to construct the 
asymptotic observable W (see Eq. (|3|)) and the Deift Simon wave operator W+. To 
begin with, we define a smooth convex function S(y,t) which modifies y 2 /2t for y in a 
neighborhood of size t s , 5 e (0,1), of the origin. The operator W will be constructed 
using S(y, t) in place of y 2 /It. This will not affect W but allows us to prove its existence. 

Here and henceforth we use the following notation for the various Heisenberg deriva- 
tives. Suppose A is an operator in TC. Then we define 

BA 

DA:=t[H,A] + — (45) 
BA 

D A:=t[H ,A] + — (46) 

Similarly, the Heisenberg derivative d of an operator a on the one boson sector f) is 
defined by 

da = i[uj, a] + — . (47) 

Furthermore, if A(R) is a family of operators on H, and R e R+, we write 
A(R) = 0(R m )N p if \\A(R)N- p \\ = 0{R m ). 

6.1 Construction of S(y, t) 

Pick m e C™(R + ) with m > 0, supp(m) C [1,2] and / dam(a) = 1. Set 

S (y) = J dam(a) X (y 2 /2 > a) (y 2 /2 - a). (48) 
Then Sn is smooth and 



where b = — j dam(a)a. It follows that 

S (y) = y 2 /2 + a(y) + b (50) 

where a G C^°(1R 3 ). This formula will allow us to apply Lemma |27] in Appendix [X| to 
[iu, So]. It is important that So is convex, which is easy to see from the definition. Next 
we define a scaled version of S by 

S(y,t) = t- 1+28 S (y/t 5 ) (51) 



where < 5 < 1. 
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Lemma 8. For all integers n > and all a 

V n d a ^ _ f \ = q ^ r ( n+ l) +a(2 -|a|)J _ 

Here V = d/dt or V = d/dt + (y/t) ■ V and d a is any spacial derivative of order \a\. 
In particular 

vs = f + o(r^), § = + o(r 2+25 ). (52) 

These estimates hold uniformly in y G M. d . 

Proo/. By definition of S(y,t) and ©, S(?/,t) - y 2 /2t = t- 1+2S a(yt- & ) + r 1+2<5 6. The 
second term clearly enjoys the desired property. For the first term we have 

d a [t- 1+25 a(yt- 5 )} = t- 1+ ^ 2 -H) (d a a) (yr 5 ) (53) 

where the right hand side is of the form t c h(yt~ 5 ) with h G C^°(IR 3 ). Both d/dt(t c h) 
and T>(t c h) are again of this form with c replaced by c — 1. This proves the lemma. □ 

Lemma 9. Suppose u G C°°(IR d ) and d^u is bounded for all a ^ 0. Then 

1 <99 

= -(Vw • vs + vs ■ Vcj) + — + o(r x ), 

and for any smooth vector field v(y, t) and T> v = d/dt + v ■ V, 

d(dS) =(Vw - u) • S"{Vu - u) (54) 
+ (V V VS) ■ (Vlo -v) + (Vw - v) ■ (V V VS) (55) 
+ V 2 v S-(V v v)-VS + 0(t- 1 - 5 ). (56) 

Proof. The first part follows from (^) and Lemma [27]. By definition of the Heisenberg 
derivative, d(dS) is given by 

d 2 S 



d(dS) = [iu, [iu, S]] + 2[iu, dS/dt] + 



dt 



2 ' 



By Lemma (|50|), and Lemma 27 



(99 (99 

2[iu;, dS/dt] = Vu • V— + V— • Vc^ + 0(r 2 ) 

at at 

[iu, [iu,S]\ = VuS"Vu + 0{t- 



-l-5\ 



To prove the second equation an explicit formula for [iu, S] — Vu ■ VS is also needed 
(see the proof of Lemma ^7j. Since for every smooth vector field v(y, t) 

„ „„„ „ „dS dS „ d 2 S 
Vu ■ S'Vu + Vu ■ V— + V— ■ Vu + — 

dt at at 1 

=(Vu - v) ■ S"{Vu -v) + (V V VS) ■ (Vu -v) + (Vu - v) ■ (V V VS) 
+ V 2 V S - (V v v) ■ vs (57) 

the lemma follows. □ 
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6.2 Propagation Estimates 

We are now ready to state and prove our propagation estimates. Note that these are 
basic propagation estimates which are well known in other contexts (see ||GS97|| ). 

Proposition 10. Assume (HI) and (H3), let % — X £ Cq > (M.), an d suppose e a ^x(H) 
is a bounded operator for some a > 0. Let \ — x{H) and v = y/t. Then, if A > is 
large enough, there exists a constant C such that 

dtUxiptiXW < dl> 2 ) < 2A 2 ) X ^> < c\ 



t 

for all ip G 7i. Here tpt = e~ tHt yj. 

Remark: This propagation estimate equally holds on 7i and with H and dr(t> 2 ) 
replaced by H and dr(t> 2 ) ® 1 + 1 <g> dr(t> 2 ). This is needed for the proof of the remark 
to Proposition |Tl| . 

Proof. Pick h G C °°(l/2, 3) with h(r) = 1 on [1, 2], < h < 1 and set h(s) = f° ds'h 2 (s'). 
Note that h(s) = h(3) for s > 3. Hence g(s) = h(s) — h(3) for s > and g(—s) = g(s) 
define a Q^-function g on M.. The operator B = — xh(dT(v 2 /X 2 ))x is our propagation 
observable. Since B is bounded the theorem will follow if we show that 

dB C 

DB := [iH, B] + — > —X{H) x(l < dT(v 2 /X 2 ) < 2) X (H) + integrable terms 

for some C > if A is large enough. Henceforth we use the abbreviations h, h and 
g to denote the operators h(dT(v 2 /A 2 )), h(dT(v 2 /A 2 )) and g(dT(v 2 / A 2 )), respectively. 
Clearly 

^ = X^ 2 dr(,; 2 /A 2 )^>X^^. (58) 

Next 

-[iH, B\ = X [iH, h]x = x[idT(u), h] X + xMG),h]X- 

Consider first the second term on the right hand side. By [i<p(G),h] = [i<f)(G),g], the 
Helffer-Sjostrand functional calculus (see Appendix |A.2| ), and by (H3) 

\\e- a ^[t(j)(G),h}(N + l)- 1/2 \\ < C\\e- a W<f)(-tv 2 G)(N +l)- 1/2 \\ 

< ^- su P e-^i||0(^ 2 G :c )(iv + 1)- 1 / 2 !! = 0(r 2 ). (59) 

At x 

Hence x[^4 > (G),h]x is integrable. By (|28| ) 

[idT(u),h] = [idT(u),g] 

= ^g'dT(Vuj ■ v/X + v/X ■ Vu) + 0(r 2 )N 
Xt 

= —hdF(Vu ■ v/X + v/X ■ Vu)h + 0{r 2 )N 
Xt 

< ^h(N +l)h + 0(r 2 )N 

xt 
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bmce [X, h] = Oit- 1 ) it follows that 

x[idT(co),h} x <Y t h 2 + o(r 2 )N. 

For C/X < 1 this in conjunction with proves the proposition. □ 

Proposition 11. Assume (HI) and (H5), let x £ Co°(^)> an d suppose e a ^x(H) is a 
bounded operator for some a > 0. Let f e C^°(R) ; with < / < 1, f(x) = /or x > 2, 
and /(#) = 1 for < x < 1. Denote x — x{H) and f = f(dT(v 2 /X 2 )), where v = y/t 
and AgK. Then, for X large enough 

/oo 
dt (fa, x/dr ((vw - «) • s"{Vuj - v)) f x fa) < c\\fa\ 2 . 

Remark: This proposition equally holds on 7i and with H, dr(t> 2 ) and dr(P) (here 
p = (Vo; - v) ■ S"(\/uj - v)), replaced by H, dT(v 2 ) g> 1 + 1 <g> dr(t> 2 ) and dr(P) <g> 1 + 
1 (g> dr(P). This is needed for the proof of Theorem |T5| . 

Proof. Let j(t) = (fa,xfdT(dS)fxfa)- From ±dS < const(t> 2 + 1) it follows that 
dT (dS)f(N + l)" 1 is a bounded operator and thus that sup| t | >:l \ j(t)\ < oo because of 
the cut-off x- Next we show that 

l'it) >(fa, X fdT((Vu - v) ■ S"(Vu - v))f X fa) (60) 
+ (integrable w.r. to t) x ||t/>|| 2 . 

By the Leibnitz rule 

i{t) = (fa, X (Df)dT(dS)f X fa) + h.c. + (fa, X f(DdT(dS))fxfa) (61) 

Only the last term will contribute to fl60|). 

DdT{dS) = D dT{dS) + [i<j){G),dr{dS)} 
= dT(d(dS)) + cj)(—idSG) 

where d(dS) is given by Lemma |S|. Since v = y/t the terms in are of order 0(t -1 ~ e ) 
where e = min(<5, 2 — 25). For the terms of (|55|) we have 

± [(V V VS) ■ (Voo -v) + (Voo - v) ■ (V V VS)] 

< t 2 -\v v vs) 2 + r 2+5 (Vu - v) 2 = o(r 2+s )(i + v 2 ) 

which, thanks to the cutoffs / and x-, gives an integrable contribution to ^'(t). This 
shows that 

(fa, X fdY(d 2 S)fxfa) >(fa, X fdT{(Vu - v) ■ S"{Vu - v))f X fa) 

+ 0(t-^)\\fa\ 2 
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To estimate the contribution due to (p(-idSG) use 

\\ X f(f)(-idSG)fx\\ < const\\e~ alxl <f){-idSG){N + iy 1/2 \\ (62) 

and 

dS = VS-Vu-z J2(d 2 rs S)(d 2 rs uj) + — + Or 1 ^). 



r,s 

This shows that dS = x{\y\ — t S )dS + 0{t~ 5 ~ l ) and in conjunction with Lemma |8] and 
(H5) it follows that fl6"2|) is integrable. To estimate the contribution in (|6T| ) due to Df 
note that 

Df = D f + [i<p(G),f\. 

The second term gives a contribution of order 0(t~ 2 ). This is seen in the same way 
as Q59D - Next choose g G C£°(R) with supp(g) C (1,2) and gf = f and denote 
g = g(dT(v 2 /\ 2 )). Then 

X (D f)dV(dS)fx = X9(D f)dT(dS)gf X + 0(r 2 ) (63) 

and hence 

\(^ t ,x(Dof)dT(dS)fxA)\ < - t \\g(N+l)xM 2 + 0(t- 2 ) (64) 



which is integrable by Proposition 10. □ 



7 The Asymptotic Observable 

In this section existence of the asymptotic observable W is proved. An auxiliary version 
W\ of W will involve a space cutoff at \y\ = A in the bosonic configuration space. W is 
then obtained in the limit A — > oo. 

To define the space cutoff we pick, once and for all, a function / e C^°(M) with 
< / < 1, f(x) = for x > 2 and f(x) — 1 for < x < 1. The space cutoff is the 
operator /[dr(t> 2 /A 2 )] or 1 <g> /[dr(f 2 /A 2 )] on T or TC respectively. Here v = y/t and 
A G 1. For brevity these operators will also be denoted by / if there is no danger of 
confusion. 

Since (dS) 2 < const (v 4 + 1), which follows from Lemma [| and Lemma [27], and since 
/ G Cg°(R), the operator 



dT(dS)f(N + l) 



-i 



is bounded. 



Theorem 12. Assume Hypotheses (HI), (H2), and (H5). If x £ C£°(R) with supp x C 
(— oo, S) ; i/ien 



Wa = s — lim e im x/dr(rf^)/xe" im 



exists, is self-adjoint, and commutes with H. 
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Proof. To prove existence of W\<p we use Cook's argument, i.e. we show that 



dt 



j t ^ t , X fdT(dS)fxft) 



<cu\\. 



As in the proof of Proposition [TT| one shows that 

j t (A, xfdT(dS)fx^t) = (A, xfdT[(Vco - v) ■ S"(Vlo - v)]f X ft) (g5) 

+ o(r 1 -)||v>|||M|. 

Since S" > the first term on the right side defines a non-negative sesquilinear form in 
ifj and tp and hence we can apply Schwarz 

K^t, xfdT[(Vu - v) ■ S"(Vu - v)]f X ft)\ 

< |(Vt, xfdT[(\7uj - v) • S"(\/uj - v)]fx^t)\ 1 ' 2 

x \(<p t , X fdT[(\7uj - i;) • S"(\7lu - v)]fxVt)\ 1 ' 2 ■ 



This, together with Proposition |TT] after an application of Holder's inequality, shows 
that also the first term in fl6q) is integrable. This proves existence of W\ip. 

Clearly W\ is bounded and symmetric. To prove that W\ commutes with H it suffices 
to show that e~ lHt W\e lHt = W\ for all t G M. This follows from 

e~ iHs W x e iHs if - W X f = lim e iHt x[fdr{dS)f} t t +s X e- iHt <f 

because x[fdT(dS)f}l +s x = Indeed 

^(fdT(dS)f) = f^dT(dS)f + %dT(dS)f + fdT(dS)^ 

where <9f/<9t = 0(r x ) and xfdT(d(dS/dt))fx = Oir 1 ). The latter follows from (0) 
and Lemma |27|. □ 

In the next step we remove the space cutoff /. This will allow us to prove positivity 
of W — lim^oo W\ away from thresholds and eigenvalues. 



Proposition 13. Under the assumptions of Theorem \Tq, the limit W = lim^oo W\ 
exists in operator norm sense, and W is given by 

((p,Wip) = lim (<p,e tm X dT(dS)xe- iHt tlj} 

t— >oo 

for all ip,ip G D(dT(y 2 )) H D(N). W commutes with H. 

Proof. We pick ip, if) G D(dT(y 2 )) D D(N) and we consider the difference 

| (<p t , xdr{dS) X i>t)-{<Pt, xfdT(dS)fx4>t) | 

< |Kx(l - f)dT(dS)fxA)\ + \(cp t , X dT(dS)(l - f)xA)\ (66) 

< ||(1 - f)xVt\\\\dT(dS)fxM + ||(1 - /)x^||||dT(dS) X¥ > t ||. 
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Since (1 — f(s)) 2 < s 2 , we have 



;i - f)x<Pt\\ < To\mMx<fH\\ < T ? (l/t 2 ||dT(« a + l)<p\\ + |M|), (67) 



±\\dr(y 2 /t 2 ) XV t\\ < 

and analogously for cp replaced by ip. The second inequality in (|67D follows by Lemma 
36| in Appendix [FJ. To handle the factor \\dT(dS)x < ft || on the r.h.s. of (|66|) use that, by 



Lemma |8| and Lemma |9], 

dS = ^(Vu .„ + ,,. Vw) - |^ + 0(r 1+s ). (68) 

Part (iv) of Lemma ^ (with y replaced by y/t) and Lemma ^ in Appendix [FJ lead then 
to 

\\dT(dS)xn\\ < C (l/t 2 \\dT(y 2 + l)<p\\ + \\<p\\). (69) 
Insering (|67|) and (|69"D into (|66]) and using ||dr(c?S')/xVt|| — we find 

|(^,xdr(^) x ^) - ( ( p uX fdT(dS)fxA}\ < ^(iA 2 ||dr( y 2 + i)<p\\ + |M|) 

+2 II jtV„.2 



x (i/t^ ||dr(^ + 1)^11 + 

for arbitrary tp, ip G -D(dr(y 2 )) H D(N), and for all £ > 1. This shows that W exists as 
a weak limit and that 

\(<P,(W-w,)ii>)\<j\\<p\\ |HI, 

which proves that W also exists as a norm limit. Finally, that W commutes with H 
follows from the fact that W\ commutes with H for each A. □ 

Using the Mourre inequality from Theorem |], we next prove positivity of W away 
from thresholds and eigenvalues. Note that this is the only place where the Mourre 
inequality is used. 

Proposition 14. Assume hypotheses (HI), (H2) and (H5) are satisfied. Assume, more- 
over, that the energy cutoff x ^ n the definition ofW satisfies supp x C (— oo, £)V>, where 
S = o~ pp (H) + m ■ (N U {0}) is the set of all eigenvalues and thresholds of H. Then 

W>d X \ 

for some d > 0. In particular, if A C (— oo, E)\«S and xfA = 1, then W > d on 
Ran£ A (#)- 



Proof. By the compactness of a(H) PI (— oo, S)\«S, and since W commutes with H, it is 
enough if we prove that, for each x G (— oo, S)\«S, 

W\RKDE Ua (H) = E Ux (H)WE Ux (H) > d x E Ux (H) X 2 , 
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where U x is an arbitrarily small neighborhood of x, and d x > 0. Let x = Eu x {H) be the 
spectral projection of H on U x . If we choose U x to be sufficiently small, then, by the 
Mourre estimate (Theorem we have 

x[iH,A]x>2d x x{H), (70) 

for some d x > 0. Here A = dT(a) = dT([iu, y 2 /2}). Choose now if) G D{dT(y 2 )) n D(N) 
and let ipt — e~ lHt ip. Then, by Proposition [H| we have 

^,Wxi>) = Jim (iptiXX<ir(dS)xx?Pt) 



t—>oo 



d (71) 

= hm — (V> t ,xxdr(£)xxW, 
t^oo at 

where the second equality holds because, by Hypothesis (H5), x[20(G), dr(S')]x = 
— x^S^x = o(t _1+<5 ). From (|71|) it now follows that 

(^xWxV) = lim 7(^,xxdr(5)n^> 

t-oo t (72) 

= lim — (ijj t ,xxdT(y 2 /2)xx^t}, 

t^oo t 

where, in the second equality, we used the definition of the function S(y). Now we have 

e* m xdT(y 2 /2)xe- iHt = xdT(y 2 /2)x+ [ ds e iHs x[iH, dT(y 2 /2)}xe^ Hs 

Jo 

= X dT(y 2 /2) X - [ dse lHs xH^G)xe- iHs + [ ds e iHs xAxe~ iHs 
Jo 1 Jo 

= X dT(y 2 /2)x - £ ds e m x^G)xe~ iHs 

+ t X Ax+ f ds f dre mr X [tH,A} X e- tHr . 
Jo Jo 

(73) 

Note that the operator <ft(iy 2 G)x is bounded. Moreover the expectation values of 
xdT(y 2 )x and of x,Ax in the state x^ are finite, because if) G D(dT(y 2 )) n D(N), 
±A < C dT(y 2 + 1) and because of Lemma |3^ (see Appendix |F|). Thus, after division 
by t 2 , only the last term in (|73|) gives a non- vanishing contribution to (|72|) in the limit 
t - oo. By (0) 

($,XW)Ol>) = pm-z f ds I dr(ip r ,xx[iH,A}xxA)>dx(^,X 2 Xip), 



i^oo t 2 

which proves the proposition because -D(dr(y 2 )) fl D(N) is dense in H. □ 



o Jo 

2\ 
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8 Inverting the Wave Operator 

The Deift-Simon wave operator W + , to be constructed in this section, inverts the ex- 
tended wave operator fl + with respect to W\ in the sense that 

W x = VL+W+ = lim e im Ie~ im W + . (74) 

t— >oo 

On spectral subspaces where W\ is positive and thus invertible, H^+H 7 ^ -1 is then in fact 
a right inverse of Q + . Formally, and when space and energy cutoffs are ignored, then 
W+ is given by 

W+ = s - lim e iMt [df(j t , dj t )dT(S) + r(j t )dT(dS)]e- iHt (75) 

t— >oo 

where j t = (j ,t,joo,t) and j Q>t + j^j = 1. By the last identity, IT(j t ) = 1 and 
IdT(jt,dj t ) = D [IT(j t )] = 0. Hence flT4] ) is obvious at least on this formal level. The 
functions jo,t and j^t are constructed as follows. Let j , e C°°(R. d ) where jo(y) = 1 
for \y\ < 1, j (y) = for \y\ > 2, and let = 1 - j . Next set j u (y) = j$(y/ut) 
where u > is a fixed parameter. By construction of j t and W + , Eq. (|75|) , photons with 
velocity it or larger are mapped to the second Fock space where their interaction with 
the electrons is turned off. 

First we prove existence of W + in Theorem |T5| and then we prove ( [74] ) . Theorem |T5| 
together with the Mourre estimate, Theorem |], is the heart of our proof of AC. 

Recall from Section |7] that DA, D A and da denote Heisenberg derivatives of opera- 
tors A and a on TC and f) respectively. If B is an operator on the extended Hilbert space 
7i and if C maps Ti, to 7i, then we set 

an 

DB:= i [H,B] + — 

8C 

DC :=iHC -CiH + —. 

at 

The derivatives Do, and Dq are defined in a similar way using Hq and Hq rather than 
H and H. Finally the Heisenberg derivative db of an operator b mapping the one-boson 
sector f) to f) © f) (that is, 6/t = (&o^, frooM with 6 ,oo being operators on fy) is defined by 

^ Y w M/, . 96 / db 
db = l [o u ) b - bluJ + m = {db oc 

The next theorem is the main result of this section. 

Theorem 15. Assume Hypotheses (HI), (H2), and (H5). If x £ Co°(^) with supp X C 
(— oo, E), t/ten 



W + = s - lim e iHt xfD T( Jt )dT(S) f X e 



t^oo 



iHt 



exists. Here X = X (H) and X = x{H)- Furthermore 



~ iHt W + = W + e~ im . 
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Proof. By Cook's argument we need to show that there exists a constant C such that 

d 



dt 



dt 



< c 



(76) 



for all if) G 7i, where 

W + (t)=e^ t xfQf X e- lHt 
Q = Do 



T(j t )dT(S) = dT(j u d Jt )dT(S) + T( Jt )dT(dS). 



In form sense 



dt 



W + (t) = e lHt xD[fQf} X e 



-iHt 



D[fQf] = (Df)Qf + f(DQ)f + fQ(Df). 

The contributions due to Df and Df are dealt with as in Proposition [II] and are inte- 
grable due to Proposition |T0l The operator DQ is the sum 



DQ = D Q + i{<j>{G) <g> l)Q - Qi(j>{G) 



(77) 



where the last two terms give a contribution of order t because of Hypothesis (H5). 
To show this write 

Q =i [dr(u;) ® 1 + 1 ® dr(o;)] f (j t )dT(S) - f (j t )dT(S)idT(uj) 

d . (78) 
- ^lU)dT(S) 



and commute i<p{G) from the right through the terms in (|78[) using (]17f) and (|4]) (before 
differentiating with respect to t). This is a lengthy computation which leads to 



i{cj>{G) ® l)Q - Qicj>{G) =i [0( Joo G) ® 1 - 1 ® 0(j'ooG)] D [T(j t )dT(S)^ 

- % [<f>(d(j 3)iG) ® 1 + 1 ® <f>(d{joo3)iG)] f(j t ) 

- i [4>{j SiG) ® 1 + 1 ® WnSiG)] D (f (j t ) 

- [0(d(j o )G) ® 1 + 1 ® 0(rf(joo)G)] f (jt)dr(^). 

Using Hypothesis (H5), Eq. (|50|) and Lemma ^ one shows that each of these terms is 
of order We demonstrate this for the last term. 



By Lemma 27 



t(d Joo )G = t 



Vuj ■ Vjoo - i '^ l {d rB u){d ra j 00 ) + dt 



tJc 



G + 0(r 2 )G. (79) 



Since derivatives of u are bounded, and since derivatives of joo are of order t 1 and live 
on {\y\ > ut}, Equation ( [79] ) in conjunction with Hypothesis (H5) implies 



|e- aN 0(t(rfj oo )G)(iV + l)- 1 || =0(t^). 



10) 
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On the other hand dT(S/t)f(N + 1) 1 is bounded. Hence 

xfl®<P((djoo)G)f(j t )dT(S)fx 

=Xe a]x] f [1 ® e-^l0(t(rfj oo )G)(iV oo + l)" 1 ] (N^ + 1)(N + + l)' 1 

xT(j t )dT(S/t)f(N + l)-\N + l) 2 x 

is of order 

To handle the contribution due to DqQ we work in the representation T <S> T = 
©n>o ©fc=o Fn-k ® where T k is the fc-boson subspace of T. Since D Q maps JF„ to 
®l =Q J r n -k ® Fk one has 

oo n 

(</>*, xfDoQfxVt) =J2J2 fa<*, P «" fc ® p kD QPt,n) (81) 

n=0 fc=0 

where a t>nfc = P„_ fe <g> P k fx4>t, Pt,n = Pnfx^t and P n is the orthogonal projection T -> 
Note that x = xxi^oc < ^oo) for some n M large enough, and hence a ttnk = for 
fc > Uoq. Next we estimate \(at, n k, Pn-k ® P k P J oQPt,n)\ for each given n and separately. 
To this end we identify T n -k®Fk with a subspace of L{R dn ). Then, on JF„, the operator 

P n -k ® P k f{j t )dY{S) = J nk S n =: S nk 

acts by multiplication with a function J nk S n where S n (y,t) = ^(Vi^) an d by (0) 

/n\ 1/2 

•4fc = , JO ® • • • ® jo ® joo ® • • • <8> joo • (82) 

\kj „ ' « v ' 

n— fc factors A; factors 

In terms of S nk the operator P n - k ® P k D Q is given by 

P n _ fc ® P fc D Q = £>o (^n-fc ® A f (j t )dr(S)) = P 2 S„ fc (83) 

where Po^nfc = [iO, S nk ]+dS nk /dt and fi(fci, ... , fc n ) = XT=i ^(^)- Let V = (yi, . . . , y n )/t e 
M. dn and let T>y = d/dt + V ■ V denote the material derivative w.r. to V. In the appendix 
we show that 



D 2 S nk =(Vfi - V) ■ 5^(Vfi - V) 

+ (iv V5„ fc ) • (vn - v) + (vn - v) • (zv vs nfc ) 

1/2 



M) 



for < 2 A (Lemma HO) and that 

1/2 



2^<9 Q U nk - J nk £ y 2 /2t j = n m+1 Q o (r (i+-W-M)) (85) 
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(Lemma |39|). These are analogs of Lemma |9] and Lemma 13. The binomial factor in (R3) 
and (|85|) stems from (|8~2"D and will be estimated by n k . From Eq. (^) we get for the last 
term of 



v v (J nk s n ) = J nk v 2 v [ s n - S ) = ^ fe/2+3 o(t- 3+25 ). 



i=l 



2t 



16) 



where we used that T>yf = for any function f(y,t) which only depends on V and 
D v (y 2 /2t) = 0. For the second and third term in Eq. (j84l), Eq. fl85|) shows that 



± [{Vyvs nk ) ■ (vn - + (vn - v) • (rvvs^j 

< t 2 -\VyVS nk ) 2 + t" 2+5 (Vfi - V) 2 = 0(r 2+<5 )(n + K 2 )n fe+4 



17) 



Combining (||) and (||) with (§3), (H) and fl87|) we get 

oo n 



n=0 fe=0 
oo n 



n=0 k=0 
,fc+l „noo+l 



where e = min(l — 5,5) > 0. Here n +1 < n™°° +1 because at )n & = for k > n^. Holder's 
inequality in the form 



1/2 



EE«.< EE^ 



n=0 fc=0 



OO 71 \ / / OO 

n=0 fc=0 / \n=0 



1/2 



*9) 



where A nk , B n > 0, will be used frequently in the following. It shows that the second 
term in fl88|) is bounded from above by H/x^tH II (N + l) n ° 0+5//2 /x < 7 5 t|| 0(£ -1 ~ e ) which is 
integrable. 

To deal with the first term in (BSD we use that 



?? 



1/2 



±S'; k (y,t)< const xn 2 (^j S^y.t), 

for 1 2/ 1 < 2At and rif 5- 1 > 2 by Lemma p8|. This allows us to estimate the contribution due 
to S£ k x(\V\ < 2A). The contribution due to S£ k x(\V\ > 2A) is bounded by 0(r 2 )(n + 
l) 4 |l a t,nfc|| ||A,n|| thanks to the space cutoff /. Together with (jS8|), the Schwarz inequality, 
and llottnjfeU = for k > n^, this implies that 



\(a tink , (vn - v) ■ s>> k (vn - v)p t>n )\ < \(a t>nk , (vn - V) ■ S'^VQ - V)a t 



nk 



,1/2 



x |(A,n, (vn - v) • s'^vn - v)^ n )\ 1/2 n n -/ 2+2 

+ 0(t- 2 )(n + l) 4 ||a t , nfc || ||A,„|| 
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for ut 6 - 1 > 2. Now insert this bound into (§§, use that {VQ - V) ■ S" fc (Vft - V) = 
2~^™ = i(Vu;(£;i) — yi/t) ■ S"(Vuj{ki) — yi/t), sum over k and n, and apply (|89"D to see that 

oo n 
n=0 fc=0 

| (fxtj; t , dT [(Vw - u) • S"(Vcu - u)] ® 1 + 1 ® dr [(Vw - u) • S"'(Vcu - v)] fx^t) ^ 

X | (f X (p t , AT(«-+5)/2 dr j( Va; _ ^ . S> ^ VuJ _ ^] N ( noo +5)/2f x(ft } I V2 

+ or 2 ) H/x^ll ||(JV + l) 9/2 /x^||. 



< 



This is integrable w. r. to t by Proposition 11 



To prove the last statement it suffices to show that e tHs W + e tHs <p = W + <p for all 
s G R. This follows from 

t— >oo 

if we prove that xd/dt[fQf]x = 0(t _1 ). The contributions due to d t f and d t f are easily 
seen to be of order t~ x . As for d t Q note that, by Lemma 



P n . k <g> P k 8 t Q = D d t S nk = Vfi • V{d t S nk ) + + n 2 (f) ' 0(t~ 2 ) 



dt 



2/ n \ nf+-l\ 



n 2 [ k ) 0(t 



for \y/t\ < 2A. Use this, (|89|) , and that < rioo thanks to the energy cutoff X - D 

By construction of W+, Wa = fi+W+ as we show in the next lemma. Some minor 
technical difficulties in its proof are due to the presence of the cutoffs and due to the 
unboundedness of /. 

Lemma 16. Suppose W\ and W + are defined as in Theorem\T^ and Theorem\T^. Then, 
under the assumptions of these theorems, 

W x = s - lim e iHt Ie~ ikt W + = 

Proof. By definition of W+ we have, for all (p G 7i, 

Ie- iSt W + cp = I X fb [r( Jt )dT(S)]fxe- lHt <p + o(l), for t - oo. (90) 

Note here that e~ lHt W + ip is in the domain of /, for all t G M, because W+(p = x'{H)W + ip, 
for any X ' £ Co°(R); with = 1 on suppx- From (|9~0"D it follows now, if we expand the 
free Heisenberg derivative, that 

Ie- im W + <p = Ixfdf( 3t , dj t )dT(S)f X e- iHt v + Ixff( 3t )dT(dS)fxe- tHt p + o(l) 
= / Ixdf (j t , dj t )dT{S)f X e- im v + Ixf(jt)fdr(dS)f X e- iHt <p + o(l). 
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To prove the second equality commute / to the left in the first term, using that, by 
Lemma [x, f] = 0(t _1 ), and to the right in the second term, using that fT(jt) = 
r(jt)/- Choose now Xi £ Co°(^)5 with %i = 1 on suppx, and suppxi C (— oo,S), and 
set xi = Xi( H ). Then xiX = X, and thus, by (0), 

Ie^W+ip = flxdVUt, dj t )dV(S)f X i xe- lHt V + Ix?(j t )fdT(dS)fxi xe"^V + °(1) 

= //xdf (j t ,dj t )xidT(S)fxe- iHt tp + Ixf(j t ) X ifdr(dS)f X e- lHt V + o(l), 

(92) 

where, in the second equality, we used that [fdT(S)f,xi]x — 0{t^ 1 ), for t — > oo, which 
easily follows, expanding xi i n a Hellfer-Sjostrand integral, by Hypothesis (H3), by 
Lemma ^ and because, by assumption, e a ^x is a bounded operator, for some a > 0. 
Below we will show that 

IX?Ut)Xi = X + o(l) and (93) 
Ixdf(j t ,dj t ) X i = o(r l ). (94) 



Inserting these two equations in (|92|) it follows, since dT(S/t)fx is uniformly bounded 
in t, 

Ie- i6t W + <p = xfdV(dS)f X e- iHt <p + o(l) = e~ im W^ + o(l), 

which proves the lemma. It only remains to prove ( p3|) and (p4]). We begin proving (p3|). 
To this end we note that IT(jt) = (because, by construction of j t , jo,t + joo,t — 1) 
and thus, for any n£N, 

X = lf(j t ) X = IE^N^fijJx + J£(n,oo)(Woo)f (j't)x, (95) 

where £"a denotes the characteristic function of the set A. Now we claim that the norm 
of the second term on the r.h.s. of the last equation can be made arbitrarily small by 
choosing n sufficiently large. This follows because 

/ J B(„,oc)(iV 0O )f (j t ) x = /£(„ )0 o)(iVoo)f (jt)E {rh00) (N) x , 

which implies, since ||/i?( njCM )(./V 00 )f (jt)\\ < 1 for all n 6 N, that 

WlE^N^T^xW < WlE^N^fUM ^(^(^(iV + l)- 1 !! ||(JV + l)x|| 

_C_ (96) 
_ n + 2' 

On the other hand the first term on the r.h.s. of (1951) can be written as 



IE^N^f (jt)x = I(No + l)- n i?[o,n](iV 00 )(iVo + Iff (j t ) XX i 

= I(N + l)- n J E [ o, n] (iV 00 )(iVo + l) n X r (jt)Xi + o(l), 

where the second equality follows because of Lemma |3"2"|, and because I (N +l)~ n E^^N^) 
is a bounded operator (see Lemma HJ). Now, for n G N sufficiently large, E^^N^x = X- 
This remark, together with (^), ( P^l ) and ([J7]) shows that, for any e > 0, ||x — 
IxT(jt)Xi\\ < £ i fo r t sufficiently large. This proves (|93|). Eq.(p4|) follows in a very similar 
way by Jdf (j t , dj t ) = D (lf(j t )) = D (1 H ) = 0, using that ||/£ {n , 0o) (^ oo )df (j t , dj t )(N+ 
I) -1 II < const and applying Lemma [33] (see Appendix [D|). □ 
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So far the positive parameter u in the construction of W + was arbitrary. The next 
lemma now shows that, by choosing u small, we can neglect the possibility to find zero 
"escaping photons" in states in the range of W+. This will be important in the proof of 
asymptotic completeness, Theorem |19| . 

Lemma 17. Assume Hypotheses (HI), (H2) and (H5) hold, and let the Deift-Simon 
wave operator W + be defined as in Theorem [7^. Then 

Ul®E {0} (N))W + \\<2u 2 \\(N + l) 1 / 2 X (H)\\ 2 . 

Proof. For ip G 7i and ip G Ti. <E> T we define (ft = e~ lHt ip respectively ip t = e~ lHt ip. Then 
by definition of W + , we have 

(ip, W + <p) = lim (ip, e im xf~D \f(j t )dT(S)} fe~ im X p) 

= lim (ik,xfD {T(j t )dT(S)} fxpt). 

t— >oo I. ) 

The last equality follows because, by assumption, the operator e a ^x is bounded for 
some a > and because the norm of the operator 

e -«N Ui<j>(G) ® l)f Ut)dT(S) - f (j t )dT(S)icp(G)} f(N + iy 2 (99) 



tends to 0, as t — > oo. To see this write the operator in (p9[) as 

e- Q '*' {(z0(C) ® l)f - f(j t )i(p(G)\dT(S)f(N + 1)~ 2 



(100) 

+ r(j t )e-"W [#(G), dr(S)]/(iv + 1)- 2 . 



Now the operator in the first line equals, by 
-ie- a \*\ {<p((] ,t - l)G) 1 + 1® 0(joo, t G)} (iV + iV^ + l)- x f (j t ) dT(S)f(N + 



and tends to as i — ► oo. This follows because dT(S)f(N + l) -1 = 0(t), while, by 
Hypothesis (H5), the factor on the left of T(jt) is of order 0(t~ M ), for some fi> 1. 

To handle the operator in the second line of ( |100| ) use that [icp(G), dT(S)] = 4>(—iSG), 
and that, by (H5), 

sup e- a ^U(-iSG x )(N + l)" 1 ]] =supe- Q M\\(f>(x(\y\ > t 5 )iSG x )(N + l)' 1 ]] = 0(r 1+s ). 

X X 



This implies that also the term in the second line of ( |100| ) tends to zero as t —>■ oo. 

From fl98|) it follows now, because terms involving the Heisenberg derivative of /, or 
/ give, by Lemma a vanishing contribution in the limit t — > oo, that 

(il>,W + <p) = lim ^ (ii>t,xfrUt)W{S)fx<Pt) = lim 7 (ik,xjTUt)dr{S)fx<Pt) 

f^oo at t^oo t (101) 

= lim - (f (j t )*X^, /dr( 2/ 2 /2t)/ X ^), 
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where, in the last equality, we used Lemma || to replace S by y 2 /It. Consider in particular 
the case if) = (1 ® E^(N))ip; then there exists some a ETC with if) = a ® fi, and 

f 0' t )*xVt = / (rO'o,*) ® r(joo,*)) ((*<**) ® fi ) = r(j , t )x^- 

For such -0 = a eg) f2, ( |101| ) reads 

(iP, W + p) = lim ^(a t ,xfrUo,tWy 2 )fX<Pt). (102) 

Now we note that 

|(at,x/r(jo,t)dr(y 2 )/x^)l = \ (at,xfdT(jo,t, 3o,ty 2 )fX¥t)\ 

< \\{N + lf/ 2 xa t \\ \\(N + lfl 2 XVt \\ \\j 0it y 2 \\ (103) 

< 4u 2 t 2 \\a\\ \\<p\\ \\(N+ l) 1/2 x\\ 2 , 

where, in the last step, we used that ||jo,t2/ 2 || < sn P\ y \<2ut V 2 — 4t 2 u 2 . Since ||a|| = ||^||, 
it follows from ( gOg ) and (|TU2[) that 

KV»,(l®S { o } (JV))W +V 7>| <2 M 2 ||(iV + l) 1 /2 x(j f 7) || 2 ||^|| M . 

□ 
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9 Asymptotic Completeness 

As explained in the introduction we prove asymptotic completeness by induction in the 
energy measured in units of m. The first step is the following, essentially trivial lemma. 
The idea is that AC on Ran E v (H) as explained in the introduction in Eq. [|, implies the 
same property for Ie~ tHt on Ran E v (H) ® J 7 , the photons from T merely contributing 
to the asymptotically free radiation. 

Lemma 18. Assume that hypotheses (HI), (H2) and (H4) are satisfied, and let the 
wave operators Q + and fl + be defined as in Lemma and in Theorem 0, respectively. 
Suppose Ranf2 + D E v (H)7i and /j, < E. Then for every if G Ran E^(H) there exists a 
vector ip G Ran (H) such that 

n + (E v (H)(g)i)<p = n + ip. 

If<pe E A (H)H then tfj G E A (H)H. 

Proof. By Lemma |3D] every given tp G E fJi (H)'H can be approximated by a sequence of 
vectors ip n G E^{H)7i which are finite linear combinations of vectors of the from 

n 

j = a®a*{h 1 )...a*{h n )tt, X + ^MiKfi (104) 



where a = E x (H)a and M< = {|jfe| : h^k) ^ 0}. Let 7 G H be of the form (|0|). Then 

Ie- im (E v (H) ® 1) 7 = Ie- ikt E v (H)a ® a*(/i x ) . . . a*(/i n )ft 
= a*(/i 1 , t )...a*(ft n ,t)e- iH *^(/T)a. 

By assumption E v (H)a = fl + /3 for some j3 E H and we may assume /3 = E v (H)/3 by 



the intertwining relation for From (IDS) it follows that 



Ie- tHt (E v (H) ® 1) 7 = a*(/i M ) . . . a*(^) e - im fi + /3 

= a*(/i M ) . . . a*(h nit )Ie- im (P B ® 1) (106) 
+ a*(/i M ) . . . a*(/i n>t ) je"^ ft + /3 - Je"^ (P B ® 1) /?} , 

where Pg denotes the orthogonal projector onto 7i pp (H). After inserting a factor (N + 
l) _n / 2 (iV + l) n / 2 in the second factor on the r.h.s. of last equation, just in front of the 
braces, we get 

\\Ie- i6t {E v {H) ® 1) 7 - Ie~ ifl \P B ® 1) (1 ® a*(/n) . . . a*(/i n ))/3|| 

< ||a*(/i ljt ) . . . a\K,t)(N + 1) W2 H II + 1)" /2 {e-^ +/ 9 - Ie^Pn ® 1)/?} 

(107) 

The first factor on the r.h.s. is bounded by a finite constant, uniformly in t. The 
second factor converges to zero as t — > 00. To see this use that it stays bounded for 
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all integers n, a fact which follows from the boundedness of (H + %) n l 2 Vt + E^{H) and of 
(N + If' 2 1 E^H). Since (1 g> a*(h{) . . . a*(h n ))(3 e E U (H)H it follows that 

tt + {E TI (H) ® 1) 7 = Q + (l ® a*(Ai) . . . a*(h n ))p. 

Hence to each ip n , as defined at the very beginning, there exists a vector ip n e E a (H)l-L 
such that Q + (E V (H) <g> l)ip n = Vt + ip n . The left side converges to Q + (E V (H) <g> l)ip as 
n — > 00, and hence the right side converges as well. Since Q + is isometric on 7i pp (H) <g> 
T it follows that (Pb <8> is Cauchy and hence has a limit ip E fl (H)'H. Thus 
Q + (E r] (H) (g) 1)99 = which proves the first part of the lemma. The second part 
follows from the intertwining relations for Cl + and Q + . □ 



Theorem 19 (Asymptotic Completeness). Assume hypotheses (HI) through (H5) 
are satisfied. Then 

Ranfi + D£ ( _ 0O)E) (iZ")W. 

Proof. The proof is by induction. We show that 

Ran(fi+) D E ( _ 00 , fcm) (/7) J E ( _ 00 , E) (F)H (108) 

holds for all integers k with (fc — l)m < S. For < and \k\ large enough (|108|) is 
trivially correct because H is bounded from below. Hence we may assume ( |108j ) holds 
for k — n — 1. To prove it for k — n it suffices to show that 

Ranfi + D E&(H)Ti (109) 

for compact intervals A C (—00, nm) n (— 00, £)\«S because, by Theorem ^, the union 
of such subspaces is dense in E^_ 00>nm ){H)E^_ 00 ^.){.H)7i and because Ranf2 + is closed. 
Now choose x £ Co°(^) sucn that % = 1 on A and suppx C (—00, S)\5. Let A, u > 
and define W\ and W+ in terms of \i ^ an d u as i n Theorem [12] and |15[ Define moreover 
the asymptotic observable W = lim^oo W\ as in Proposition [13|. By Proposition [14], 
the operator W : E^{H)H. — > E&(H)H is onto and hence for every given ip = E&(H){p 
there exists a ip £ RanE^i^) such that </2 = H / ?/'. Given e > we pick u, A small, 
respectively large enough so that 

HO^iVoo = 0)W+VII < e, \\{W - Wx)if>\\ < e, (110) 

by using Lemma [L7|, Proposition [13|, and the boundedness of fl + E&(H). Then by 



Lemma 16 



W\ip = n + W + i; = fi + x(iVoo > 0)W + i; + f2 + x(iVoo = o)w+i>. (in) 

The vector x{N<x> > 0)W + tp has at least one boson in the outer Fock space and thus an 
energy of at most (n — l)m in the inner one. More precisely 

x(iVoo > 0)W+?p = x{H <{n- l)m) <g> X (N > 0)W+ip. 
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Hence by induction hypothesis and Lemma |I8| there exist 7 G E^(7i)l-L such that 
This equality together with ( |110| ) and ( |1 1 1| ) shows that 

y - o +7 || = \\wif> - n+xiNco > o)w+<p\\ < is 

which proves the theorem. 



□ 
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10 Massless Photons 

This section is devoted to the case where the bosons are massless photons, but the soft 
modes do not interact with the particles (electrons). That is 

H = K <g> 1 + 1 <g> dr(|Jfe|) + 0(G) = H + 0(G) (112) 

and 

(IR) G x (k) = if \k\ < m 

for some m > 0. As before, we assume that G x G f) for each x E X and that sup x \\G X \\ < 
oo. Then 0(G) (ifo + l) -1 ^ 2 is again bounded and hence H is self-adjoint on D(Hq). The 
key idea is to compare H with the modified Hamiltonian 

H mod = K ® 1 + 1 ® dT(w) + 0(G) (113) 

where and G are as above but the dispersion u;(/c) = \k\ is modified for |fe| < m. We 
choose w in such a way that (HI) is satisfied (with m/2 instead of m) and u(k) = \k\ 
for | A; | > m. 



10.1 Asymptotic Completeness 



Asymptotic completeness for H is essentially a corollary of Theorem [[£]. Let H = 
H ® 1 + 1 <g) dT(\k\) and let Q + and fi+,mod be defined in terms of H, i? mo d, and if mo d = 

flmod®l + l®dr(w). 

Theorem 20 (Asymptotic Completeness). Assume (IR), (H2), and (H5) for the 
system defined by ( |112|) . Then the wave operator Q + exists on E/_ OQ) e)(H)'H and 

Ran(fi + ) D E { ^)(H)H. 

Proof. We split the Fock space into two Fock spaces, one with interacting photons the 
other one with non-interacting photons. Henceforth the subindices i and s refer to 
interacting and soft respectively. Let 

Ki = {k E R d : \k\ >m} fji = L 2 (K t ) (114) 
K s = {k e R d : \k\ <m} f) s = L 2 (K S ). (115) 

Then f) = f)i © f) s and correspondingly .F(fj) is isomorphic to .F(f)i) <8> F(§s) with an 
isomorphism U as given in Section |2.5| . By assumption on G and and by (PT|) 

UH mod U* = Hi® 1 + 1® dT(uj s ) 
UHU* = Hi ® 1 + 1 ® dr 



with respect to the factorization 7^ = (L 2 (X) (g> .F(f)i)) (8> ^(fys)- Here H \ = K <g> 1 + 
1 ® dr(|A;|) + 0(G) on 7^ := L 2 (X) <g> J^(f)i). It follows that if mod and if have the same 
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eigenvectors, they are of the form U*(pi (g> Q s ) where ipi is an eigenvector of Hi. Hence 
Pb(H) = Pb (Hmod)- Furthermore 

e iHtj e -iHt _ e iH mod t e -idT(o;-|fc|)tj e i[dr( 1 j-|fe|)(8 l l+l(8>dr(w-|fe|)]t e -i# mod i 

because i? mo d and dr(u; — \k\) commute. This shows that 0+ = f2 +)mo d and hence that 
Q + exists on x(Hmod < l^fH. and that Ranf2 + D x(-^mod < /-O^ for all // < S, by 



Theorem 19 



To reformulate these results in terms of Hi we consider U <8> U as a map from ® F 
to Ft® Fi® F s ® F s . Then E7Q + (E7* <g> exists on ([/ ® ?7)x(#mod < fi)H 3 < 
H) Hi ®Q S ®Q S , where if; = + lOdr(| fc|) on ft, = Hi®T h and Ran C/fi + (C/*®C/*) D 
Ux(H mo a < n)7i D < a0"% (g> fi s . Furthermore 

un+(u* ® c/*) = fii ® (/ s (x(iv s = o) ® i s )) 

where ft,- = s - lim*-^ e iHit Iie- i6it (P B (Hi) ® 1). In fact ® C/*) = Ii ® I s and 

UP B (H)U* = P B {Hi) ® x(iV s = 0). It follows that C/fi+(C/* <g> C7*) exists on < 
/i)7ii ® F s ® F s ^> (U ® U)x(H < ii)H. and that its range contains xO^i < A*)^j 8^3 
Ux(H < ji)7i. Hence fl + exists on x(H < and by the intertwining relation for Q + , 
the range of Q + \x{H < fi)7i contains x{H < The theorem now follows because 

H < S was arbitrary and = 1. □ 



10.2 Relaxation to the Ground State 

With the help of AC established in the last section we next show that states below 
the ionization threshold relax to the ground state in the sense (|7]) under the dynamics 
generated by the Hamilton operator ( |112| ). 

We begin by summarizing results due to Bach et al. ||BFSS99|| , ||BFS98|| on the point 
spectrum of H that are needed in this section. No infrared cutoff is assumed in the 
following discussion. 

Consider the Hamilton operator 



H g = K ® 1 + 1 ® dr(|fc|) + g<t){G) 



(116) 



where K = —A + V on L 2 (R n ) and V is operator-bounded w.r.t. —A with relative 
bound zero. This assumption allows for typical iV-body Schrodinger operators [ HSOO ]. 
We assume that 



sup / \G x (k)\' 



+ 1 ) dk < oo 



;ii7) 



to ensure self adjointness of H g on D(H g= o). Following [|BFSS99|1 we furthermore assume 
that 



(H6) 



sup(l + \x\ 



-M/2 



dk rr-j < OO 

| A; | 
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for some M > 0. All exited bound states of H g will be unstable if their life time as 
given by Fermi's Golden Rule is finite. To state this condition we have to introduce 
some notation. Suppose E < E\ < ■ ■ ■ < inf <r ess (K) are the isolated eigenvalues of 
K with finite multiplicity. Let rrij be the multiplicity of the eigenvalue Ej, and let 
(Pj t i G L 2 (R n ), for I — 1, . . . rrij be an orthonormal base of the eigenspace of K to the 
eigenvalue Ej. Then for each < i < j and for each k e M. d we define the rrii x rrij 
matrix Aij(k) := (cpi tr , G x (k)(pj j8 ) . Now, for each j > we define the rrij x rrij matrix 

Tj = J2 [ A*j(k)Aij(k)5(uj(k) - Ej + Ei)dk (118) 

i:i<j 

The eigenvalues of this matrix are then the resonance widths in second order perturbation 
theory corresponding to the eigenvalues Ej. To show that H g has no eigenvalues in 
neighborhoods of the eigenvalues of the unperturbed Hamiltonian Hq, we therefore need 
the following assumption: 

(H7) Fermi Golden Rule. For each j > 1 we have Tj > 0. 

The following theorem summarizes results from |BFSS99| and ||BFS98|1 . 



Theorem 21. i) (Exponential decay, YBFSJJ8J ) Suppose ii < inf a ess (K) and e > 



Then there exists a constant M = M{e) such that 

\\e a ^ X (H g < < M (119) 
for all a, g with inf a ess (K) — \i — a 2 — g 2 sup x f dk \G x (k)\ 2 /\k\ > e. 



n 



') (Existence and uniqueness of the ground state, \BFS9$ , \GLL0C\J ) If'vaia{K) < 



inf a ess (K) — g 2 sup x f dk\G x (k)\ 2 /\k\ and G x (—k) = G x (k) then E g := 'mla(Hg) 
is a non- degenerate eigenvalue of H g . Moreover if ip g is an eigenvector of H g 
corresponding to the eigenvalue E g , then 

ll^-^nll^O, as g-^0, (120) 

where P^ g and P m ®n denote the orthogonal projections onto the spaces spanned by 
the ground states ip g and <p <S> Q, respectively. 

Hi) (Absence of exited eigenstates, fiBFESUJM ) Assume (H6) and (HI). Set A = [E + 
8,/j], for fixed e > and \i < inf a ess (K). Then 

a pp (H g ) n A = (121) 

for g > sufficiently small. 

If the infrared cutoff (IR) is imposed, then assumption ( |H7p simplifies to sup x || || < 
oo and all results of the above theorem then hold for g sufficiently small. Note that m 
must be small in order for (H7) to hold, because transitions between energy levels Ej 
with separation less than m are suppressed by the infrared cutoff. 

Next we prove absence of eigenvalues above and close to E g for g small, and assuming 
(IR). As in |[BFSS99(1 we argue by contradiction and prove a virial theorem as well as 



the positivity of [iH, A] on a spectral interval (E g , E\ — e] and for a suitable conjugate 
operator A. 
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Lemma 22 (Virial Theorem). Assume (IR) and (H3). If Hip = Eip and E < 

inf a ess (K) — g 2 sup x j dk \ G x (k)\ 2 /\k\ then ip G D(N) and 

{<p,(N-g<l>(iaG))<p) = 0. 

Proof. With the notation of the proof of Theorem ^ the eigenvector ip is of the form 
U*((fi <S> fi s ). It follows that ip is an eigenvector of P mo d and thus in D(H mo a) C D(N). 
By Theorem |2l], part i), e a ^ip E H. for some a > and hence Lemma ||] applies to ip 
and 7^mod- This shows that 

(<p, [dY(\Vu;\ 2 )-g ( p(iaG)] V ) = 
which proves the theorem because, by the form of (p, dr(|Vu;| 2 )y? = Nip. □ 

Theorem 23 (Positive commutator). Assume (IR), (HO), and (H3). Set A = (E g , E r 

e], for some fixed e > (here Ex is the first point in the spectrum of K above inf <j{K) ). 
Then there is a constant C > such that 

E A (H g ) (N-g<P{iaG))E A (H g ) > CE A (H g ), 

for all g > sufficiently small. In particular, by Lemma it follows that H g has no 
eigenvalue in A, if g > is small enough. 

Proof. Using iV > 1 — 1 (g) Pq we get 

E A (H g ) (N -g<t>{iaG)) E A (H g ) > E A (H g ) (1 - 1 ® P n -g^iaO)) E A (H g ) 
= E A {H g ) - E A {H g ) (1 (gi Pn) Pa(^) - gE A (H g )(f)(iaG)E A (H g ) 

>E A (H g )(l-g(supe- a W\\iaG x \\} \\E A (H g )e a ^\\ \\(Ni + l)^ 2 E A (H g )\\\ (122) 

-E A (H g )(l®P n )E A (H g ) 

where iVj = Jiju >m <^ a*(k)a(k) is the operator counting the number of interacting bosons 
(which is bounded w.r.t. H g ), and where Pn is the orthogonal projector onto Q. By 
Hypothesis (H3), and because < const (H^/G^H + HG^I), the number in the paren- 

thesis in the first term on the r.h.s. of the last equation is larger than C, for any C < 1, 



if g > is small enough. It remains to show that the last term in ( |122| ) converges to 
as g — > 0. To do this we split it into two parts, according to 

E A (H g ) (1 ® P n ) E A (H g ) = E A (H g ) (E {Eo} (K) ® P a ) E A (H g ) 

+ E A (H g ) (E [EltOQ) (K) <g> P n ) E A {H g ), 

where K is the particle Hamiltonian, and E and Ei are its ground state energy and its 
first exited eigenvalue. Since P^ E A (H g ) = the first term in Eq. (|123|) can be written 

as 

E A (H g ) (E {Eo} (K) ® P n ) E A (H g ) = E A (H g ) (P^ n - P fg ) E A (H g ), (124) 
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which converges to zero by Theorem [21], part ii). Consider now the second term on 
the r.h.s. of (|T23f ) . Choose x e Cg°(R), such that < x < 1, = if s > 

Pi — e/2, and x(s) = 1 if s G A (this is a smooth version of the characteristic function 
Pa)- Then we have on the one hand x{Hg)E&{Hg) = Ea{H 9 ) and on the other hand 
(E [EltOB) (K) ® P n ) x(#o) = 0. Thus we get 

{E [El<oo) (K) ® P n ) E A (H g ) = (E [EuOQ) (K) <g> Pn) (x(P fl ) - *(#„)) Pa(P 3 ). (125) 

Now if x is an almost analytic extension of Xi i n t ne sense of the Helffer-Sjostrand 
functional calculus (see Appendix A. 2 ), then we have 



X (H g ) - X (H ) =~J dxdyd- z x(z - H g )- l ct>{G){z - H )-\ (126) 

This implies, since x nas a compact support, that \\x(H g ) — x(P )|| < Cg, for some 
constant C > 0, and thus, by (|125|) , that || (E [Eli0o) (K) g) P n ) P A (Pg)|| ~> as p -> 0. 
This completes the proof of the theorem. □ 

The last Theorem, together with Theorem |21], proves the following corollary. 

Corollary 24. Assume Hypotheses (IR), (H3), (H6), and (El). If fi < inf a ess (K), 
then 

<T pp (H g )n(E g ,fi) = fH, 

for all g > sufficiently small. 



With the help of this corollary and Theorem |20] we next prove relaxation to the 
groundstate in the sense of the following theorem. To define the algebra of observables 
let A denote the C* algebra generated by all Weyl operators W(h) = exj>(i<p(h)), with 
h G L 2 (M. d , dk). By taking tensor products of operators in A with bounded operators 
acting on the Hilbert space TL e \ = L 2 (M. n , dx) of the electrons one obtains a C* algebra, 
which we denote by A. 

Theorem 25 (Relaxation to the ground state). Assume Hypotheses (IR), (HO), and 
(H3) through (HI). Choose fi < inf a ess (K). Then, for sufficiently small values of the 
coupling constant g > 0, the Hamiltonian H g exhibits the property of relaxation to the 
ground state for states with energy less than [i. This means that, if g > is sufficiently 
small, then, for all A G A and for all ip G Ran(PT < /i), we have 

lim (^, Aipt) = Aijj g ) (V, V), (127) 



t^oo 



where ipt — e ip and ip g denotes the groundstate of H g . 

Proof. Since the C* algebra A is generated by the Weyl-operators W(h) = e l ^ h \ and 
because products of Weyl-operators are again Weyl-operator (up to some unimportant 
phase) it is enough if we prove (|127|) for A = B <g> W(h), where B is a bounded operator 
on H el and h G S(R d ). 
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By Theorem we know that the system we are considering is asymptotically com- 
plete. On the other hand we know, from Corollary |24|, that the ground state ip g is the 
only eigenstate of H g , which lies in the range of the spectral projection x{H g < fi)- 
These two results imply that each tp G ~Ran.x{H g < fi) can be written as limit of a se- 
quence of finite linear combinations of states like • • • a^_(f m )ip g , with /j G 
Since we are dealing only with bounded operators, it follows that it is enough to prove 
(|127D for A = B <g> W(h) and for 

N 

V = a <(fi)<(tt) ■ ■ ■ <(fnj^ 9 - (128) 

1=1 

In this case we have 

N 

lim (e- iHt i;,Ae- iHt i>) = £ lim ( c ~«* ffii AT**' lK=i <(/£Mr> 

A? 



£ Ci Cj lim (Ki a*(/( t )^, A n^ J =i a'C/jjjVv), 



t— >oo 



(129) 

where we used the definition of the asymptotic fields a* + {h). Notice now that the ground 
state ip g of H g is in the domain of arbitrary powers of the field-Hamiltonian dr(|/c|). 
Moreover we know that the Weyl operators leave D(&T(\k\) n ) invariant. This follows by 
the commutation relations [W(h),dT(\k\)} = -<j>(i\k\h)W \h) + l/2Re(|Jfe|/i, h)W(h). 
These remarks imply that we can rewrite the limit in the r.h.s. of the last equation as 



t — >oo 

= lim & g ,nZMftt) (B®W(h)) m=ia*(fL,M 

t — ^OO 

= lim (A* ^Y\t x a{fl t ) m=i^(fL,tW (130) 

+ hm (i/, g ,B® [YlZi<ftt),W(h)] m=i<>*(fL,M- 

If we expand the commutator in the last equation, we get a sum of rij terms. Each 
of these terms contains a contraction (// 1 , h) L 2. Now, since we have assumed that 
fl,h r G S{R d ), we have 



dkfi{k)h r {k)e llklt 



as t — > oo, 



and thus the second term on the r.h.s. of ( |130| ) vanishes. To handle the first term on the 
r.h.s. of (|130|) we use that, by Lemma |26], lim^oo YYi=i a (fi,t)ip g = 0. Assuming rij > rij, 
this implies that the first term on the r.h.s. of ( |130| ) vanishes if rij > rij, and that 

lim J] a(/y ] J a*{f m ,M a = Hm V 9 ffii ffi=i a*{f m .M 9 ) 

2=1 m=l 

= vv<^, nr=i «+(//) ns=i a*+(/^> 
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for all rii > rij. Using the antisymmetry of the inner product it is analogously proven 



that the r.h.s. of (|130|) vanishes if n,- L < rij. Thus, for arbitrary rii, rij, 



lim (UZi^(flt)^AU n nl =1 a*(fL^ 9 } = (A* ipg^ifjg) (Uti<(ff)^ ffi=i<(4)^>- 



t— >oo 



The theorem now follows if we insert this result into ( |129| ) and compute the sum over 



Lemma 26. Suppose N 9 n > and ip E D{(H g + i) n/2 ). Then, if hi, . . . , h n E 
L 2 (R d ,dk) with \\tn\\l = J dk \hi(k)\ 2 (1 + l/|jfc|) < oo, we have 

n 

limTTa(/i i , t V = 0. (131) 
Proof. Notice that || ULi a *( h i)( dT (\ k \) + l)~ n/2 || < CEGLi INU This implies that 

n n n n 

ii n < h M\ ^ ii (n °(m - n <hMH + i)- nj2 ii ii (h + iY'M + ii n 
j=i j=i j=i j=i 

n 

< e ii ( a (M • • • ^ - ■ ■ ■ ( H + i y n ' 2 ii ii & + ') n/2 ^n 

n 

+ llII a (M^II 



n 



< Cy^HfeilU • • • \\hj - . ||/i„|| w + II JJa(^i,t)vll» 

3=1 3=1 

(132) 



where we used that ||(dr(|fc|) + l) n/2 (H g + i)~ n / 2 \\ < oo (see [|FGS00|| ). Because of the 
last equation it is enough to prove ( |131| ) when hj E Cq° (M. d \{0}) . In this case we have 
M = min,inf{|&| : hj(k) ^ 0} > 0, and there exists / E C°°(R d ) with f(k) = if 
\k\ < M/2, and f(k) = 1 if \k\ > M. Then, on the one hand, dr(/) is bounded w.r.t. 
H g (and higher powers of dr(/) are bounded w.r.t. corresponding powers of H g ). This 
implies that ip E D((dT(f) + l)™/ 2 ). On the other hand YYj=i a (hj,t) is bounded w.r.t. 
(dT(/) + l)- n/2 . Thus, with ip = (dT(/) + l) +n/ V, we have 

n n 

n«(Mv? = n a (^*)( dr (/) + i )~ n/2 ^- ( i33 ) 

3=1 3=1 

Since YYj=i a (^i,<)(dr(/) + 1)~™/ 2 is uniformly bounded in t, it is enough if we show that 
the r.h.s. of the last equation converges to 0, as t — > oo for ip = a <E> a*(fi) . . . a*(f m )Q. 
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To this end we write 

n m n m 

H a{h ht ) (dr(/) + l)-"/ 2 n a*(m = (dr(/) + 1 + n)- n l 2 J] t ) J] a*{fi)Q 

j=l i=l j=l i=l 



(dT(/) + l + n) 



-n/2 



m 



.i=l i=l 



0. 

(134) 



Expanding the commutator, we find a sum of terms containing n contractions (hj t, fi)L 2 - 
The lemma now follows, because all these contractions converge to as t — > oo. □ 

10.3 QED in Dipole Approximation 

As mentioned in the introduction, our methods can be extended to prove AC, as well 
as our further main results, for atoms described by " non-relativistic QED" in the dipole 
approximation. In this section we briefly explain how this is accomplished. For an 
introduction to the standard model of non-relativistic QED and for the justification of 
the dipole approximation we refer to BFSTJS|. Here we merely show how this model fits 



into our general framework. 

We consider a non-relativistic electron interacting with the quantized radiation field. 
(The generalization to N electrons is straightforward.) States of this system are de- 
scribed by vectors in the Hilbert space Ti = 7i a t <8> J 7 , where 7i at = L 2 (IR 3 , dx), and T is 
the bosonic Fock space over t) = L 2 (IR 3 ,C 2 ). The Hamilton operator is 

H = K + dF(\k\) + (f>{G), (135) 

where K = —A + V is assumed to satisfy Hypothesis (HO). To describe QED in the 
dipole approximation, we set 

G X (X, k) = K(k)g(x)x ■ e x {k) 

where x G M 3 is the position of the electron, and E\(k), A = 1,2, are the polarization 
vectors orthogonal to k. As above k G C^°(IR 3 ), and n(k) = if \k\ < m, for some 
m > 0. The factor g G C^°(IR 3 ) is a space cutoff necessary to make G x bounded as a 
function of x. From a physical point of view this simplification is legitimate, because 
the electrons are exponentially localized near the origin (see also ||BFS98|| ). 

The Hamilton operator ( |135| ) clearly satisfies assumptions (HI), (H2), and (H4). The 
problem is that the polarization vectors £\(k), as functions of k, cannot be chosen in 
such a way that they are twice differentiable on the unit sphere (an easy application 
of a famous theorem due to H. Hopf), and hence hypotheses (H3) and (H5) cannot be 
satisfied. In order to circumvent this problem, we introduce two systems of polarization 
vectors, the "north" -system £^(k) and the "south" -system ef(k). The north-system 
(k) depends smoothly on k, for k G M 3 \Zs, where Z$ is an open neighborhood of 
the negative z-axis {k e M 3 : ki = k 2 = 0, and k^ < 0}, whereas the south-system 
ef (k) depends smoothly on k, for k G IR 3 \-Zat, where Zn is an open neighborhood of the 
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positive z-axis {k £ M 3 : ki = k 2 = 0, and k% > 0}. The sets and Z$ are chosen such 
that Z N n Z s C B m/2 (0) = {fc G M 3 : < m/2}. For each jfe ^ 0, {e^(k)} x =i,2 and 
{ef (A;)}a=i.2 are orthogonal bases in the plane perpendicular to k. Hence there exists a 
matrix R(k) G 0(2) such that 

jti=l,2 

Correspondingly, if / G L 2 (R 3 ,C 2 ) is a wave function describing a photon with respect 
to the north base, then the same photon is described by 

(Rf)(k,\)= J2 R^(k)f(k^), 

,11=1,2 

with respect to the south base ef(k). 

The Hamilton operator (|135|) depends on the choice of polarization vectors, but two 
Hamilton operators corresponding to two different choices are unitarily equivalent, and 
hence we may make a choice by convenience. We choose the north system and denote 
the corresponding Hamilton operator by H^. As a reminder of this choice we also attach 
a subindex N to the Hilbert space TCn = 'Hat ® and to its Fock space J 7 ^. 

The idea is now to split each photon into two parts, a part supported in the northern 
half space and a part supported in the southern half space. The parts in the south 
will then be mapped into an auxiliary Fock space, where they are described with re- 
spect to the south base. The Hamilton operator describing the time evolution in this 
split representation then turns out to involve only interactions with smooth coupling 
functions. 

In order to separate the north-photons from the south-photons, we introduce two 
functions ]n,3s G C°°(IR 3 ), with j%(k) + js(k) = 1, if \k\ > m, and with suppjjv C 
M 3 \.Zs, and supp js C M. 3 \Zn (such functions exist because of the assumption ZnDZs C 
B m / 2 (0))- Next we define an isometry u : f} — >()©() by / i— > (j^f, Rjsf)- This induces 
another isometry T(u) : J-'n ~~ > F ® which is characterized by 

f(u)n = n®n and f(u)a tt (/) = (a s (jW) ® 1 + 1 ® a\Rj s f))V(u). 

States of the total system are now described by vectors in the new Hilbert space 7i new = 
"Hat ® F <8> T\ however, only vectors in the subspace Ti u := 7i at ® Ranr(w) correspond 
to physical states. On TC new we define the new Hamiltonian 

H new = K ® 1 ® 1 + 1 <g> (dr(|fc|) ® 1 + 1 ® dT(|A;|)) + <j>(j N G N ) ® 1 + 1 ® (f>(Rj s G N ). 

(136) 

The operators (^(jnGn) <£>1 and l®(p(RisGN) couple the north- and the south photons, 
respectively, to the electron. The new Hamiltonian if new leaves the subspace 7Y U of 
physical states invariant, and its restriction to H u , denoted by H u := H new \H u , is 
unitarily equivalent to the Hamiltonian Hn, acting on the Hilbert space T~Cn- In fact 
H u = r(u)ifArr(u)*. Most importantly, both form factors 

(jNG N ) x (k, A) = j N (k)K(k)g(x)x ■ (k) and 
(RjsG N ) x (k, A) = (j s G s ) x (k, A) = 3s (k)K(k)g(x)x ■ e s x (k) 
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in ( P-36| ) are smooth on the entire k-space, and hence they satisfy Hypotheses (H3) and 
(H5). 

In order to describe asymptotically free photons, we introduce the new extended 
Hilbert space 7i Qew := 7i a t ®T®F®T®J r - Vectors in the first two copies of T describe 
interacting photons, while photons in the third and fourth copies of T are asymptotically 
free and live in the north and in the south of fc-space, respectively Physical states with 
asymptotically free photons are contained in the subspace 7i u = TC at ® Ranf(u) <8> 
Ranr(u) of H new . The Hamiltonian generating the dynamics on the extended Hilbert 
space H new is given by H ncw = H ncw <g> l mr + l^ new <g> (drflfcj) ® 1 + 1 (g> dr(|fc|)). This 
operator leaves the subspace 7i u invariant, and H u := H new \H u is unitary equivalent to 
the extended Hamiltonian = Hn <g> 1 + 1 ® dT(\k\) , acting on the extended Hilbert 
space TCn = 'Ha.t <8> J~n ® J~n- On the spectral subspace of 7Y new where H new < £ we 
define the new wave operator 

{I™ := a - lim e^-*/ new e-^-'(P B (^ ncw ) ® W), 

where J new takes all bosons from the third and the fourth Fock space and puts them into 
the first and into the second Fock space, respectively. The restriction of to x{H u < 
S)7i u , denoted by f2" , maps H u to H u and is unitary equivalent to f2+ : H N — > TCn, 
the usual wave operator defined in terms of if at and Hn- 

In this new description, asymptotic completeness means that Ranf2" = Kanx{H u < 
£). But this follows if we show that 

Ran^ ew = Ranx(#new < £), (137) 

because f2^ ew maps H u into 7i u and its orthogonal complement C 7i new into TLy. 
Eq. ( 137|) can be proved by extending, in an obvious manner, the methods of Sections 



6 to 9 to if n ew on Hnew, to the new extended Hilbert space 7i ne w, and to the new wave 
operator fi" cw . 

A Pseudo Differential Calculus and Functional Cal- 
culus 

This appendix collects our main tools for computing commutators. 

A.l Pseudo Differential Calculus on Fock Space 

Lemma 27. Suppose f G 5(lR d ) ; g E C n (R d ) and supi a | =n ||<9 a (7||oo < oo. Let p = — iV. 
Then 

i\g(p),f(x)]=i { - Z ^{d a f){x){d a g){p) + R l , n 



l<|a|<n-l 



E -r(d a g)ip)(d a f)(x) + R 2in 



—I 

a! 

\<\a\<n-\ 
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where 



\\Rj,n\\<C n SUP Hd^lU / dk\k\ n \f(k)\. 
\ct\=n J 

In particular, and most importantly, if n = 2 in the limit e — > 

i[g(p), f(ex)] = eVg(p) ■ Vf(sx) + 0(e 2 ) 
= eVf(ex)-Vg(p) + 0(e 2 ). 

Proof. Let f(x) = J dke tkx f{k). The first equation follows from 

g(p)e ikx - e ikx g(p) = e ikx [e~ ikx g(p)e ikx - g(p)] 
= e lkx [g(p + k)-g(p)} 



and Taylor's formula 



k a 



g(p + k)-g(p)= ( da 9){p)'- 

l<|a|<n-l 

+ n [ dt(l- t) 71 - 1 V {d a g){p + tk)k a /a\. 



|a|=n 



(138) 



To obtain the second equation write g(p)e — e g{p) = — [g(p — k) — g(p)]e instead 



of (p8D 



□ 



and has bounded derivatives. If f G C ( 



o°°(»), 



Lemma 28. Suppose uj is in G C°°(I 

[idiv), /] = i/' dr(v^ ■ y/t + y/t • Vuj) + o(r 2 )iv 

w/aere / = /(dr(t> 2 )), v = y/t and f = f(dT(v 2 )). 

Proof. The operators dr(a>) and / commute with N, hence it suffices to prove the 
equation on <S>™(). On this subspace 



i[dr(uO,/] = X; 



i=l 

To evaluate [w(/cj), /(J^" =1 v 2 )] for given fixed j G {1, ... ,n} consider f(J2 v i) as a 



function of yj only, and apply Lemma |27]. It follows that 

1 



(**)./(£■ 



i=l 



f 2 



f , 2y r Vu(k j ) + R j)t 
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where 



H=2 

and 



Rj,t\\ <t~ 2 sup Halloo / \k\ 2 \fj(k)\dk 

\a\=2 J 



fj(k) = (2ir)~ d I < **/ (yj+ yf] dk - 



It is easy to see that 



l/i(*OI < m for a11 peN 

1 n 71 _ (1 + |jfe|)p 



where C p only depends on / but not on j or Ym=i i^j Vi- ^ follows that \\Rj,t\\ < Ct 2 
and hence that on <8>"f) 

\\[idr(u)J]-±f'2j^ yj /t.Vuj(kM<^- (139) 

i=i 

The same equation holds with Vu(kj) ■ yj/t instead of yj/t ■ Vu(kj), as follows from 
[Vuj(kj),yj/t\ = Au(kj)/t = 0(t _1 ). In conjunction with ( |139| ) this proves the lemma. 

□ 



A. 2 Helffer-Sjostrand Functional Calculus 

Suppose / £ C£°(R; C) and A is a self-adjoint operator. A convenient representation for 
f(A), which is often used in this paper, is then given by 



f{A) 



-— [ dxdy ^r(z) (z — A) 1 , z = x + zy, 

7T J OZ 



which holds for any extension / £ C£°(R ; C) of / with < C\y\, 

f(z) = f(z) and g( z ) = i^ + i^(z) = for all z £ R. (140) 

Such a function / is called an almost analytic extension of /. A simple example is 
given by f(z) = (f(x) + iyf r (x)) x{ z ) where x e C^°(R 2 ) and x = 1 on some complex 
neighborhood of supp /. Sometimes we need faster decay of \d s f \ as \y\ — > in the form 
\dzf\ < C|y| n - In that case we work with the almost analytic extension 

\fc=0 " / 

where x is as above. We call this an almost analytic extension of order n. For more 

details and extensions of this functional calculus the reader is referred to [|HS00|1 or 
NJav95||. 
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B Representation of States in x(H < c)H 

The representation of states in Ran%(iJ < c) proved in this section is used in Lemma ITB 
and Theorem p0| . 

Lemma 29. Suppose u(k) = \k\ or to satisfies (HI), and let c > 0. Then the space 
of linear combinations of vectors of the form a* (hi) . . . a*(h n )Q with hi G L 2 (M. d ) and 
Sr=i sup{a;(fc) : k G supp(/ij)} < c is dense in x(dr(c<j) < c]T . 

Proof. Let T> c denote the space specified in the lemma. Clearly T> c C x(dr(co>) < c)J- '. 
Since the span of vectors of the form x(dr(co>) < c)a*(hi) . . . a*(h n )Q with hi and n 
arbitrary is dense in x(dr(a;) < c)jF, it suffices to show that such vectors can be ap- 
proximated by vectors in T> c . Let n G N and hi,...,h n G L 2 (M. d ) be fixed and let 
V> = X(dr(cu) < c)a*(/ii) . . . a*(/i n )a Then 

tpih,... ,k n ) =xC^2uj(ki) < c)—= fei(fc ff i) • • • h n (k an ) (141) 



where the sum extends over all permutations o of {1, ... , n}. The set T = {t G 
1R+I52ILi^ < c ) can be written as a countable union of cubes Q a with disjoint in- 
teriors and edges parallel to the coordinate axis. That is T = U a Q a , Q° a fl Q°p = and 
Q a is the cartesian product Yli=i ^ °f n intervals J ai in R + (a = (ati, . . . , a n )). It 
follows that 



5 = < (Aii, . . . , k n ) : ^ w(fc f ) < c 
I t=i 

Q 

a i=l 

and correspondingly 

n 

Xs (kx, ,k n ) = J2U e ^ a - e - in Rnd - ( 142 ) 

a i=l 

This shows that xsf — J2 a YYi=i x{ u (kt) e -^Jv 9 f° r an y function ip G L 2 (M nd ) where 
the sum converges in L 2 -norm by the monotone convergence theorem. Now let J ai (k) = 
x{oj[k) G I ai ). By (|141|) and ( |142| ) and the symmetry of Xs(ki, ■ ■ ■ , fc n ) with respect to 



permutation of the variables we get 

(xs^)(ki, ■ ■ ■ ,k n ) = -^==y2xs(k a i, . . . , K n )hx(k al ) ■ ■ -h n (k 
yn\ — 



Hence ip = Yl a a *(^ai^i) ' ' ' a *( Ja n h n )Q G T> c which proves the lemma. □ 
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Lemma 30. Suppose u(k) = \k\ or uo satisfies (HI), and let c > 0. Then the set of all 
linear combinations of vectors of the form 

N 

(p®a*(h 1 )...a*(h n )Q, A + ^Mi<c (143) 

i=i 

where if = x(H < \)f for some A < c, n G N and Mi = sup{u;(A;) : hi(k) ^ 0}, is dense 
in x(H < c)H. 

Proof. Obviously the set of vectors x(H < c)<f <S> a* (hi) . . . a*(h n )Q with if 6 TC, hi G f) 
and n arbitrary is dense in x(H < c)7i. Thus it suffices to approximate such vectors by 
vectors of the form ( |143|) . In the sense of a strong Stieltjes integral 

X(H < c) = J dE x {H) ® x(dr(cu) < c - A). 

This means that 

X(H < c)if®a*(hi) . ..a*(h n )Q = lim E A .( H )f ® x(dr(cu) < c-XAa*(hi) . ..a*(h n )Q 

sup I Ai|-+0 '-r' 

where Aj = (Aj_i, A<]. The lemma now follows from Lemma |29| applied to x(dr(cj) < 
c- Xi)a*(hi)...a*(h n )n. □ 

C Number— Energy Estimates. 

Thanks to the positivity of the boson mass, assumption (HI), one has the operator 
inequality 

N<aH + b, (144) 

for some constants a and b. The purpose of this Section is to prove that also higher 
powers of N are bounded with respect to the same powers of H . This easily follows from 
(|144|) if the commutator [N, H] is zero, that is, for vanishing interaction. Otherwise it 
follow, as we will see, from the boundedness of ad k N (H)(H + z) _1 for all k. 

Lemma 31. Assume the hypotheses (HI) and (H2) and suppose mGNU {0}. 

i) Then uniformly in z, for z in a compact subset ofC, 

\\(N + l)- m {z - H)~\N + l) m+1 || = 0(| Imz|- m ). 

it) (N + l) m (H + i)~ m is a bounded operator. 

Hi) If x £ C°°(M) with supp x C (— oo,E) ; then N m e a ^x(H) is a bounded operator, 
provided a > is small enough. 
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Proof. i) This is proved by induction in m. For m — it suffices to show that 
N(H + iy 1 is bounded, because \\(H + — ^ ) 1 1 1 = 0(\ Im(2;)| _1 ) for z in a 
compact subset of C. The operator iV(iJo+0 _1 * s bounded because of the positivity 
of the boson mass, assumption (HI). Since 0(G) is infinitesimally small with 
respect to H , it follows that H (H + iy 1 is bounded and hence so is N(H + 

Next assume that the assertion in i) holds for any non-negative integer less than 
a given m G N. To prove it for m we commute (z — H)' 1 with (N + l) m+1 and get 

(N+l)- m (z - H)~\N + l) m+1 

= (TV + l)(z - H)- 1 + {N+ l)~ m {z - Hy^H, (N + l) m+1 ]{z - H)' 1 
= (N+^iz-H)- 1 

m+1 / i 1 \ 

+ (iV + l)-™(z - tf)" 1 ^ (™ ^ J (-l)'(^ + l) m+1 - l ad l N (H)(z - H)- 1 



-i 



= (N + l)(z-H) 

m+1 , _|_ -I \ 

+ (iV+l)- 1 ^ ( j j (^ + l)"*"" 1 ^ + l) m+1 -^ V(t'G)(^ - i/)' 1 

' =1 0(|Im^|-™+ 1 ) 

(145) 

By induction hypothesis and because <j)(i l G)(z — Hy 1 is of order 0(\ Imz| _1 ), for 
z in a compact set in C, it follows that the r.h.s. of the last equation is of order 
0(|lm^|- m ). 

ii) Follows directly from i) if we put z = — i and write 

(N + l) m {H + i)- m = (N+ l) m (H + i)-\N + l)- m+1 

x (JV + l) m_1 (if + i)" 1 ^ + l)- m+2 . . . 
...(N + l)(H + l)-\ 

iii) We begin to write 

N m e a ^x{H) = N m e alxl (H + iy m e - alxl e +alxl x(H)(H + i) m 

= N m (i + e +alxl He- alxl y m e +alxl X (H)(H + i) m (146) 
= N m (i + H + 5H a y m e +alxl X (H)(H + i) m , 

where SH a = 2iap-x/\x\—2a/\x\—a 2 , and a > is so small that \\5H a (H+i)~~ 1 \\ < 
1 (this ensures that (i + H + SH a ) = (1 + 5H a (H + iy l )(H + i) is invertible, with 
a bounded inverse given by (H + + 5H a (H + i) -1 ) -1 ). The last equation 

implies iii), since N m (i + H + 5H a y m is a bounded operator. This can be shown 
in the same way we showed that N m (H + i)~ m is a bounded operator, using that 



N commutes with 5H a . 



□ 
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D Commutator Estimates 

Let jo, Joe e C°°(R d ) be real- valued with jg+j^ < 1, j (j/) = 1 for < 1 and j (y) = 
for \y\ > 2. Given R > set j# R (y) = j#(y/R) and let Jr : f) — ► f) ffi f) denote the 
operator defined by j R h = (Jo^hJ^Rh). 

Lemma 32. Assume hypotheses (HI), (H2), (H5). Suppose a > 0, m G N U {0} ; and 
jr is as above. Suppose also that x,x' Cq°(R), with supp x' C (— oo,S). Then, for 
R — > oo ; 

ij e-«l*l(iVo + ^ + l) m (f (^)if - fff (;«)) (iV + I)"™" 1 = O^" 1 ), 

(iv + iv^ + rr (x(h)Hjr) - fUrMh)) x'{h) = o(r- 1 ). 

Proof. i) From the intertwining relations (p4|), and (p5|) we have that 

f(j R )H - Hf(j R ) = - df Oh, aduO'*)) 

+ [0(O Q)il - 1)G) ® 1 + 1 ® <P(Joo,rG)]?(j r ). 

By Lemma ^7| acLj(jij) = 0(R^ 1 ). Hence 

{N + N OQ + l) m dT(j R , &dUjR))(N + I)"™" 1 = OiR- 1 ). 

To see that the other two terms lead to contributions of order 0{R~ V ) write 

(iVo+iVoo + l) m [0((j O ,i? - l)G) ® 1 + 1 ® 0(joo,i?G)] 

= [0((jo,b - 1)G) ® 1 + 1 ® 0(joo,/?G)](iV o + + l) m 



then use (JV + + 1)^^) = T(J R )(N + l) j and use Hypothesis (H5). 

ii) Let x De an almost analytic extension of x °f order m, as defined in Sect. [A. 2 
Then we have 

(No + N 00 + l) m (x(H)f( 3R ) - T( 3R )x(H)) X '(H) 

= _i y 'dxdyd- z x(No + N^ + inz - H)- x e- a \ x \HY{j R ) -Y{j R )H) 

Then the statement follows by i) because 

{N + N OQ + l) m (z - H)-\No + N OQ + l)' m+1 = 0(| lmz\- m ), (147) 

and because (N + l) m e a ^x'(H) is a bounded operator, provided a > is suffi- 
ciently small. 

□ 
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Lemma 33. Assume hypotheses (HI), (H2), (H5). Suppose a > 0, m G N U {0}. Let 
j R be as above and set dj R = [iu,j R ] + dj R /dR. Suppose also that x,x' £ Co°(R), with 
supp x' C (— (xi, E). Then 

i) e-«l*l (iV + ^ + l) m fdf Oh, - Hdf (j R , dj R )) (N + l)-™- 2 = 0(R- 2 ), 



u) {N + N OQ + l) m (df B , <fe)x(tf) - x(H)dT(j R , dj R )j X '{H) = 0{R- 2 ). 
Proof. We begin proving part i). To this end note that 

df (j R , d ]R )H - HdT(j R , dj R ) = df (j R , dj R )dT(u) - (dT(w) ® 1 + 1 ® dT(w))df 0«, 

+ df Ok, - (0(G) ® l)df Ok, «■ 



148) 



Consider the term on the first line on the r.h.s. of the last equation. We have 
df Ok, dj R )dT{u)-(dT(u) ® 1 + 1 ® dl»)df Ok, « ®? f) 
= 17 



n 



g> $k ® • • • ® [iii, w] ® • • • ® ii?) 



(149) 



Each one of the n 2 terms on the r.h.s. of the last equation is of order 0(R 2 ), by Lemma 
27|. Hence 



(JVo + iVoo+1)" 1 (dT&i, d7fl)dT(u;) 

-(dr(cu) ® 1 + 1 ® dr(w))df Ok, (iv + i)- m - 2 = o(ir 2 ) 



Consider now the term on the second line on the r.h.s. of (|148 ). This is given by 



df Ok, dj R )<f>{G) - (0(G) ® l)df Ok, <#h) = {<f>{{ja,R - 1)G) 01 + 1® <P(]oo,rG)) df Ok, <#b) 

+ (0(dj'oo,/?G) ® 1 + 1 ® (ftdj^aG)) f Ok)- 



By Hypothesis (H5) it follows, in the same way as in the proof of Lemma [32], that 

e -«M (iv + Ngo + i)- fdf Ok, ^)0(G) - (0(G) ® l)df (j*, (N + l)~ m ~ 2 = 0{R~^ 1 ) 



This completes the proof of part i) . Part ii) of the Lemma follows in the same way as 
in Lemma B2l □ 



56 



E Mourre Estimate 

This section contains the proofs of Lemma (the Virial Theorem) and of Theorem f| 
(the Mourre Estimate). Recall that A stands for dT(a) with a = l/2(Vu ■ y + y ■ Va>). 

Proof of Lemma [3|, (Virial Theorem). First we prove the virial theorem for a reg- 
ularized variant, A £ , of A = A £= q defined on D(H), and then we let e — > 0. Let 
a £ = 1/2 (Vw ■ y £ + y £ ■ Va>) where y £ = y(l + sy 2 )~ l and let A £ = dr(a e ). Then 

i(H<p, A £ tp) - i(A £ cp, Hip) = (<p, [dT(i[uj, aj) - (j>(ia e G)] y) (150) 

for all ip G D(K) ® JF , which is a core for iJ. Since all operators in (|150| ) are H- 
bounded this equation extends to D(H). If (p is an eigenvector H then the left side of 
(|150|) vanishes because A £ <Z A*. Thus it suffices to prove that the right side converges 
to (ip,i[H, A](p), as e — > 0, for (p G Efj,(H)H, fi < E. We show that 

4>{ia £ G)p> — > (p(iaG)ip, (151) 
and dr(i[cj,a £ ])y? -> dr(| Vcu| 2 )y? (152) 



as £ -»■ 0. Eq. ([ISJ) follows from ||a e G - aG|| -> and sup^. e" a l a; l||0((a - a £ )G)(N + 
1) _1 / 2 || < oo by Lebesgue's dominated convergence theorem if a > is chosen in such 
a way that e a ^(N + l) 1//2 y? belongs to TC. Here we used (H2) and (H3). To prove 
( |152| ) note that i[u,y £ ] — > Vo> strongly and hence that i[a>,a e ] — > |Vco>| 2 strongly Since 



moreover sup £ ||z[a;, aj|| < oo this proves (|152|) for all ip G D(N). □ 



The property proved in the following lemma has a well known analog, called local 
compactness, in the theory of Schrodinger operators. We used it in the proof of Theo- 
rem ^| and will need it again in the subsequent proof of the Mourre theorem, Thm. |j. 

Lemma 34. Assume (HI) and suppose f G L°°(X) and g G L°°(R d ,cfo/) with \\g\\oo — 1- 
If f( x ) ~> 0? as \ x \ ~ > °°; an d 9(y) ~~ > 0; as \y\ ^ oo in M d , then 

f(x) (g> T(g)(H + i)^ 1 / 2 is compact. 

This lemma follows from the fact that p 2 and dr(u;) are form bounded w.r. to H and 
from the positivity of the boson mass. 

Proof. From m > it follows that x(N > n ) T (9)(dT(u) + 1)" 1/4 -> as n — > oo. 
Furthermore 

T{g)(dr(u) + l)- 1/4 r ®? f) = flrd/i) . . . g(y n )[uj(ki) + ... + u(k n ) + I]" 1 / 4 (153) 

which is compact. It follows that r(g)(dT(u;) + l) -1 / 4 is a compact operator on T . Since 
f(x)(p 2 + I)" 1 / 4 is compact on L 2 (X) and (p 2 + l) 1 / 4 <g> (dT(w) + l) 1 / 4 ( J ff + i)" 1 / 2 is a 
bounded operator by ?, the operator / (g) T(g)(H + %)~ x l 2 is compact. □ 
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The proof of Theorem |] is by induction in the number of energy steps of size m, the 
minimal energy of a free boson. Assuming that the theorem holds for A < mm(£, (n — 
we prove it for A < min{Y,,nm). To this end we need a partition of unity in 
the bosonic configuration space. Let jo, joo G C°°(IR d ), with jg + j 2 ^ = 1, and with 
< jo < 1) jo(y) — 1 if \y\ < 1 and jo(y) = if \y\ > 2. Given R > we set 
j# tR (y) = j#(y/R) and qii{y) = q(y/R). Each boson h G f) will be split into the two 
parts jo,R^ and joo.fl localized near the origin and near infinity respectively. Recall from 



Section [2.6| that f (j R ) does the corresponding localization in Fock space. In Appendix 
[B| we saw how to move T(j R ) through H or any bounded function of H (see Lemma 
Since [iH, A] has a structure similar to H, with uj and G replaced by | Vcu| 2 and by iaG, 
respectively, it is easy to show that an analogue of Lemma also holds for [iH, A] . In 
particular we use that 

e" aN [t{j R )[iH,A] - {[iH,A] ® 1 + 1 ® dr(|Va;| 2 ))f (j R )} (N + l)" 1 = o(R°), (154) 

as -R — > 00. 

Proof of Theorem ^| (Mourre Estimate). First of all we introduce the Mourre con- 
stants 

d(\) ■= fm £f 4 rfr(|V^(A;)| 2 ) (155) 
d(A) := inf rfr(|V^(A;)| 2 ), (156) 

o-pp(/J)+<ir(a;(fc))=A 

where the superscript fi -1 in the definition of d means that we exclude the vacuum sector 
to compute the infimum. Note that d vanishes only on thresholds, while d vanishes on 
thresholds and on eigenvalues of H. We introduce, moreover, the smeared out versions 
of the functions d,d. For k > 0, we set = [A — K, A + k], and then we define 
d K (X) = inf^gA^ d(fi) and d K (X) = inf^gA^ d(fi). By definition of these functions we have 
the inequality 

inf (>(A - dT(u(k))) + dT(\Vuj(k)\ 2 )^ > d K (\). (157) 

For all n G N we will show the following statements. 
Hi(n): Let e > and A G [Eq, Eq + nm) n (—00, S). Then there exists an open interval 
A 3 A and a compact operator 8 such that E&(H)[iH, A]E&(H) > (d(X) —e)E^(H) +£. 
H 2 (n): Let e > and A G [Eq, Eq + nm) n (—00, S). Then there exists an open interval 
A 3 A such that E A (H)[iH, A}E A (H) > (d(X) - e)E A (H). 

Hs(n): Let k, Eq, e > 0. Then there exists 5 > such that for all A G [Eq, Eq + nm — 

e ] n (-00, S), one has E A «(H)[iH, A]E A *(H) > (d K (X) - e)E A «(H). 

Si(n): r is a closed and countable set in [i? , S + nm) n (—00, E). 

^(n): For any closed intervall / C [S , £" + nm) D (—00, S), with I Or — 0, one has 

dimRanE/n^^) < 00. 

Note here that all the claims of the theorem follow from these statements, if we 
prove them for any n G N. Actually, the statements give no new information if n is 
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so large that Eq + nm > S. We will prove these statements by induction in n. Since 
H\(l) and S'i(l) are obvious, all the statements, for any n G N, follow if we prove the 
implications: Hx(n) =>• H 2 (n), H 2 (n) =>• H 3 (n), H\(ri) =>■ S 2 (n), S 2 (n — 1) =>- Si(n), and 
iS'i(n) AH 3 (n — 1) =>• Hi{n). Now the implication S 2 (n — 1) =>- Si(n) is trivial. Moreover 
the implications Hi{n) =>- H 2 {n), H 2 {n) =3- H 3 {n) and Hi{n) =>- S 2 (n) are proved by 
standard abstract arguments, which are typical in the proof of any Mourre inequality. 
It only remains to prove that Si(n) together with H 3 (n — 1) imply the statement H\(ri). 
To this end we fix A G [E , E + nm) n (— oo, S) and e > 0. Choose now x G Co° W 
with suppx C [A — 5, X + 5] n (— oo, £), where 5 is some positive constant which will be 
fixed later on. Then we have 

x(H)[iH,A] X (H) 

= fUnyE^iN^TUMHm^jxiH) + r(j R )*E {1 .^(N^)r(j R )x(H)[iH,A}x(H) 
= T(q R )x{H)[iH 1 A] X {H) 

+ f(j R )* x (H) {[iH, A] ® 1 + 1 ® dr(|V^| 2 )} x(^)^[i ; oo)(iVoo)f Ur) + o(R°), 

(158) 



where we used Lemma ^ and Eq. (|154 ) to commute f (j R ) to the right. The first term 



on the r.h.s. of ( |158| ) is compact, by Lemma |34|. To handle the second term we want to 
diagonalize l(g)dr(a>) and l®dr(| Vo>| 2 ) on the range of _E[ 1;00 )(A'" 00 ). Using the induction 
hypothesis Si(n) we find n > such that d K (X) > d(X) — e/3. Then, by H 3 (n — 1), we 
know that if 5 > is small enough we have 

E Ai (H + dT(u(k))) {[iH, A] ® 1 + 1 ® dr(|V^(/e)| 2 )} E A{ {H + dr(^(A;))) J E [1;oo) (Ar oo ) 

> £ Ai (# + ar(u(k))) |J K (A - dix*;))) + dr(|v^(A:)| 2 ) - 1} ^^(iv^) 

> (<T(A) - |)E Al (^ + dr(cu(A;))) J E; [1:oo) (iV 00 ) 

> (d(X) - |) J E Ai (F + dr(^(A;)))E [1;oo) (iV 00 ), 

where, in the second inequality we used ( |157p . It follows, since suppx C A*, that 
X (H) {[iH, A] ® 1 + 1 ® dr(|V^| 2 )} x(H)E [1]OQ) > (d(X) - y)x 2 (#)^[i ;t >o)(^oc). 



Now we insert this in the second term on the r.h.s. of (|158|) and then we commute, using 



again Lemma |3~2l and Eq. (|154j) , f (j R ) back to the left. Using that f (j^)*i?[i i00 )(./V 0C) )f (j R ) 
l — T(q R ) and that, by Lemma |3~3], T(q R )x(H) is a compact operator, we find, from ( |158| ), 

X (H)[iH, A] X (H) > (d(X) - |)x 2 (# ) + £ + o(R°). 

The statement Hi(n) then follows if we choose x such that x — 1 on A^ 2 , if we multiply 
( |158| ) from the right and from the left with E.s/2(H) and if we choose R sufficiently 
large. □ 
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F Invariance of Domains 

In this section the invariance of the domain of dT(y 2 ) with respect to action of x{H) 
for smooth functions \ is proven. Moreover we prove in Lemma B^l that the norm 
of dT(y 2 /t 2 )x(H)e~ lHt f remains uniformly bounded for all t > 1, if if e D{dY{y 2 + 
1)). These results are used in Proposition [13] to prove the existence of the asymptotic 
observable W. 

Lemma 35. Assume Hypotheses (HI), (H2) and (H3) are satisfied. Suppose moreover 
that (f e D(dT(y 2 ))r\D(N) and that x € C°°(1R) with supp x C (-oo, E) . Then we have 

\\dr(y 2 )x(H)<p\\<C(\\dT(y 2 + lM + M). 

Proof. Find Xi £ Cq°(M.) with xXi — Xi an d suppxi C (— oo,£). Put x — x(H) and 
Xi = Xi(H). Then we have 

dV(y 2 ) X = dT(y 2 )xXi = xdT(y 2 ) X i + [dT(y 2 ), X }Xi (159) 

Now expand the x i n t ne commutator in an integral, according to the Helffer-Sjostrand 
functional calculus (see Appendix |A.2|) . We get 



2i r 

[dT(y 2 ) lX ]Xi= ~- J dxdyd- z x(z-H)- 1 dT(a)(z-H)- 1 X i 
j dxdyd- z x(z - H)- l <t>(iy 2 G)xi{z - H) 



+ - 

7T 



(160) 



where x is an almost analytic extension of x-, m t ne sense of the Helffer-Sjostrand 
functional calculus, and a = [iu; (k) , y 2 / 2} = l/2(Vo> • y + y • Va>). The second term 
on the r.h.s. of the last equation is bounded, because, by hypotheses (H2) and (H3), 
||0(2/ 2 G ? )Xi || < oo. To handle the first term on the r.h.s. of ( |160| ) we commute the factor 
dr(a) to the right of the resolvent [z — H)~ l . Using [dT(o), H] = idT(\ Vcj| 2 ) — i<p(iaG), 
we see that the contributions arising from this commutator are bounded, because |Vo>| < 
const and because, using again (H2) and (H3), ||0(iaG)x|| < oo is a bounded operator. 
Thus we have, from ( |159| ) 

dT(y 2 ) X = xdT(y 2 ) X i + C X '(H)dT(a) X i + bounded, (161) 

where x' is the first derivative of x- Now we commute the two operators dT(y 2 ) and 
dr(a) in the two terms on the r.h.s. of the last equation to the right of Xi- F° r example 
, for the term xdr(y 2 )xi, we find 

xdT(y 2 )xi = xXidT(y 2 ) + x[dT(y 2 ), Xi] 

= xdT(y 2 )-±- J dxdyd- z Xix{z-H)- l [dY{y 2 ),H]{z-H)- 1 

2i f n ! (162) 

= X dT(y 2 ) --^J dxdyd,xix(z ~ H^dTia^z - H)' 1 

J dxdyd- z xi{z - H)-\4>{iy 2 G){z - H)~\ 



i 

71 
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The third term on the r.h.s. of the last equation is bounded by (H2) and (H3). To 
handle the second term we commute dT(a) to the right. We get 

~J dxdyd- z xiX{z-H)- 1 AT{a){z- H)- 1 = ~J dxdy d- z x lX {z - H)- 2 dT{a) 

+ dxdyd s xi(z - H)- 2 X dT(\Vuj\ 2 )(z - H)- 1 
J dxdyd- z xi{z - H)- 2 X <P(iaG)(z - H)~ l . 



The first term on the r.h.s. of the last equation is proportional to xx[dT(a), where 
Xi is the first derivative of Xii an d thus vanishes, since X i ls constant on suppx- The 
other two terms on the r.h.s. of the last equation are bounded. It follows, by (|162 ), 
that xdr(y 2 )xi = xdr(y 2 ) + bounded. Similarly we find, that X 'dT(a)xi = x'dT( a ) + 
bounded. These two results imply, by ( |161| ), that 

Hdr^x^H < C { \\dT(y 2 ) V \\ + \\dY{a)y\\ + |M| } . (163) 

The Lemma now follows using Lemma part (iv), to estimate the second term on the 
r.h.s. of the last equation. □ 



Lemma 36. Assume hypotheses (HI), (H2) and (H3) are satisfied. Suppose moreover 
that ip e D(dT(y 2 ))nD(N) and that X e C°°(R) with suppx c (-oo, £). Then we have 

\\dT(y 2 )e-> m X (H)p\\ < C(\\dT(y 2 + l)<p\\ + t 2 \\<p\\), 

for allt > 1 . 

Proof. We begin by noting, that 

e mt dT{y 2 )e- mt x{H) - dT{y 2 ) X {H) = f ds e lHs [iH, dT(y 2 /t 2 )} x(H)e~ iHs 

Jo 

= 2 [ dse iHs dT(a) X (H)e- iHs - [ ds e iHs <p(iy 2 G) x(H)e~ iHs , 
Jo Jo 

(164) 

where a = [iuj,y 2 /2] = 1/2 (Vo> -y + y- Vcu). The second integral on the r.h.s. of the last 
equation is bounded, with norm of order t, because, by (H2) and (H3), ||0(% 2 G)x|| < oo. 
To handle the first integral on the r.h.s. of the last equation use the expansion 



f*t ft P S 

2 dse iHs dT(a) X (H)e- iHs = 2dT(a) X (H) + 2 ds / dr e iHr [iH, dT(a)} X (H) 
Jo Jo Jo 

= 2dT(a) X (H) + 2 f ds f dr e iHr dY{\ Wu\ 2 ) x (H)e 
Jo Jo 

-2 [ ds [ dre iHr (f)(iaG)x(H)e- iHr . 



e -mr 



(165) 
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Since |Vcu| is bounded and \\4>(iaG)x(H)\\ < oo, both the integrals on the r.h.s. of the 
last equation are bounded and of order t 2 . This implies, by (|164j) , that 



\dT(y 2 )e- iHt x(HM < \\dr(y 2 ) X (H) v \\ + 2t \\dT(a)x(H) V \\ + Ct 2 |M| 

= \\dT(y 2 ) X (H) V \\ + 2t 2 \\dT(a/t)x(H)<f\\ + Ct 2 \\<p\ 



(166) 



By Lemma [J?], part (iv), with y replaced by y/t, we have 

||dr(a/*) X¥ >|| < \\dT(y 2 /t 2 + l) X <p\\ < \\dT(y 2 /t 2 )xv\\ + C \\<p\\. (167) 



The Lemma now follows inserting the last equation into (|166| ) and applying Lemma 

m. □ 



Lemma 37. (i) For any operator A 

A 2 + (A*) 2 < AA* + A* A. 

(ii) If a = 1/2 (y • Vu + Vu ■ y) and uo satisfies (HI) then 

a 2 < const (y 2 + 1). 

(Hi) If a is a symmetric operator in f) then 

dT{a) 2 < NdT{a 2 ) 

(iv) With a as in (ii) we have 

dT(a) 2 < const dT(y 2 + l) 2 . 

Proof. (i) This follows from < (iA - iA*) 2 = -A 2 - (A*) 2 + AA* + A* A. 

(ii) By (i), (Vuo -y + y Vw) 2 < 2[(Vw • y){y ■ Vtu) + (y ■ Vcj)(Vcj • y)] where 

(j/-Vw)(Vwy) < llV^l^y 2 

(Vw • y)(y • Vw) < 2(||Vo;|| 2 QO + ||Ao;|| 2 J(y 2 + 1) 

(hi) It suffices to prove this for states ip n in Ran x(iV = n). For such vectors ((p n , dT(a) 2 ip n ) 
l|dr(aK|| 2 < (Er=i lk^ll) 2 <nEI Li IK^nll 2 — (<Pm NdT(a 2 ){p n ), where aj de- 
notes the operator a acting on the i-th boson. 

(iv) This follows from (ii), (iii), and iV < dT(y 2 + 1). 

□ 
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G Some Technical Parts of Theorem fl~5] 

Lemma 38. There exists a constant C = C(X,u) such that 



1/2 

±{J l ^ ll f(!).t)<Cn 2 [ n k ) S%(u.t) 



for \y\ < 2Xt and ut l 5 > 2. Here y — (y u . . . , y n ), y { G R. d . 

Proof. We drop the combinatorial factor in the definition of J nk for convenience. Let 
So(y) = 2^r=i SoiVi)- From (|5T|) and the scaling factor 1/ut in the arguments of J nk we 
get tSH{y,t) = S'^y/t 5 ) and 

+ a -1 V J„ fc (2;) (8 VSoH + a _1 V5 («)) <g> VJ„*(«) 

where w = yt~ s , z = y/ut, a = ut l ~ s and hence w = az, a > 2 and \z\ < 2X/u. 
Proving the lemma thus amounts to showing that the r.h.s. of (|168|) (and its negative) 
are bounded by const x n 2 S'Q(w). The first term in ( |168| ) enjoys the bound. To estimate 
the other three terms we need some "iV-body geometry". 

For each a G {0, oo} n , let l a : W nd — ► IR nd denotes the orthogonal projection onto the 
subspace {w G M. nd \wi = if tij = 0} and let w a = l a w. Set 

Xa(cr,w)= J] X (w 2 r /2<a) J] xK 2 /2>^)- 

r:a r =0 s:a s =oo 

Then J2 a Xa = L Hence, by and since Xa(o", w) x(rf/ 2 > a ) = Xa(&,w)5 aij00 , 



So(w) — J da m(a)So(a,w) (169) 

n 

S (a,w) = ^xK 2 /2 > a)K 2 /2 - a) = Y,Xa(v,w)(w 2 a /2 - a a ) (170) 

i=l a 

where a a = a ■ : = oo}. Furthermore 

VS (o-, iu) = Xa(o", w)w a (171) 

a 

^(t7,w)>2x(^w)l a (172) 

a 

in the sense that VS (w) = J do-m(a)J2Xa(o',w)w a and Sq (w) > J dam(a)'^2xa{o~,w)l a . 
By ( |169| ) it suffices to estimate the last three terms of (|168j) for Sq(w) replaced by S (a, w) 
uniformly in o. 

If wf/2 < 1 and a > 2 then \zi\ < 1 and hence d^j £ (zi) = for all derivatives of 
non-zero order ft and e G {0, oo}. Hence for w such that Xa(o~,w) ^ 

J'; k (z) = l a 4 k (z)l a (173) 
VJ nk (z) = l a VJ nk (z). (174) 
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From ( pTOD , ( P75D and flT^) we get 

±a- 2 j: fc (z)5 (a,u;) < a~\; 2 /2 ||J^(^)|| ^ X «Hl a 



The last two terms in ( |168| ) are estimated similarly using ( |171| ), (|174j) and ( |172| ). □ 
Lemma 39. 

V m d a (s nk (y,t) - J nk (y,t)yPj = n m+1 (^j ' or^+^-H)) 
Proof. The difference 

n 

S nk (y, t) - J nk (y, t)y 2 /2t = J nk (y, t)r 1+2S Y^Hv^ 5 ) + b] (175) 



is of the form t~ c f(y /t)h(yt~ d ) where y = {y x , ... ,y n ) and f,hE C°° n L°°(M nd ). Under 



differentiation ( |175| ) becomes a sum of terms of the same form where in each term the 
exponent of t is decreased by at least 5 or 1 for differentiation w.r. to y or t (or T>) 
respectively. This accounts for the power in t. From the explicit form the right hand 
side of ( |175|) and (^) we see that every derivative w.r. y^ (at most) doubles the number 
of terms, while every derivative w.r. to t multiplies it by n + 1. □ 

Lemma 40. For \y\/t < 2A we have 

D 2 s nk =(vn - v) ■ s'^vn - v) 



+ (vvs nk ) ■ (vn - v) + (vn - y) ■ (vvs, 

\ 1/2 



nfc J 



where V = y/t E 



and 



1 /9 

Proof. We drop the factor (™) since it appears in all terms on both sides of the 
equation. By definition of D , 

D 2 s nk = [in, [in, s nk ]] + 2[in, as nk /dt} + (176) 

To evaluate the double commutator we use S nk = J nk S n and the Leibnitz rule and get 
for \y/t\ < 2 A 

[in, [in, s nk \] =[in, [in, J nk ]]s n + 2[in, J nk ][in, s n ] + J nk [in, [in, s n }} 

=wn ■ [j^ k s n + w.j nk ® ws n + vs n <g> y.Jnk + Jn k s'^ vn + n 2 o(t- l - & ) 
=vn ■ s'^vn + n 2 o(r 1 - 6 ) (177) 
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where we used [ifl, J n k] = Vf2 • V J n k + nO(t 2 ), [ifl, S n ] = Vfl ■ VS n + nO(t x ) (and the 
same with the order in the dot products reversed) as well as [ifl, [ifl, S n }} = Vfl-S"Vfl + 
nOit- 1 - 5 ) (see Lemmag), [in, [in, J nk \) = Vfi- J' r ' lk Vn + n 2 0(t- 3 ) and \d Q S n \ = O^-H) 
for \y/t\ < 2 A and \a\ < 2. In a similar way one shows that 

[in, ds nk /dt] = vn ■ + n 2 o{r 2 ) 

8 o 9t (178) 

= vn + n 2 o(r 2 ). 

ot 

The lemma now follows from ( |176j ), ( |1 77| ) and ( |178| ) as Lemma did from analogous 
equations. □ 
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